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ASSOCIATION OF _N ELECTRICAL NETWORK WITH DIGITAL

COMPUTERS FOR DETEPJ4INATION OF ELECTRON TRAJECTORIES

Application to Ionic Propulsion

by

Christian Lerin

i

ASSOCIATION OF AN ELECTRICAL NETWORK WITH DIGITAL COMPUTERS FOR DETER-

M_NATION OF ELECTRONIC TRAJECTORIES. APPLICATION TO IONIC PROPULSION.

(Association du r_seau _lectrique et des calculatrices arithmetiques
i

pour la d_termination des traJectoires _lectroniques. Application

la propulsion ionique. ) iC.L_rin. Office National d'Etudes et de Re-

cherches A_rospatiales (ONERA TN-73 ), 1963.

..... -

In an ionic propulsor, determination of the trajectories of the parti-

cles from the emitting electrode is required to define the efficiency

and - if necessary - to modify the relative configuration of the e-

lectrodes. For solving this problem, an iterative calculation method,

combining analog and digital computers, is presented: The electric
r

potential ihside the drive is Simulated by the voltage of a resistance

network whose elements and botundary conditions are adjusted, while the

r

trajectories and the space charges are defined from the voltage dis-

tribution by mean_ of a digit_ computer. The principle of the method

is checked on an analytically computable example, after w_hich a spe-

cial design of an axially symmetrical drive is described, i.

i
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SYN2OLS

I - GEO_M_TRY OF THE ELECTROSTATIC PROPULSOR:

r, e, z cylindrical coordinates

R

d

radius of the spherical emitter

distance between emitter and accelerating electrode

height of a spherical segzent

2 - _TIC QUA_,_rITIES:

t

1.1 --

velocity of the electric particle

components of

acceleration of the electric particle

time

constant (theorem of living forces)

dr
dz

_r
r" =--i

dz

Uo initial velocity of the electric particle

ro, z@ initial coordinates of a trajectory

rot initial slope of a trajectory

-_m_Vs maximumvelocity of an electric particle

3 -ELECTRICQUAEFITIES:

V electric potential

• .o

P

%

space charge

"absolute perm_ttivity of the void
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C,

i

[
I

i

r ......... _ ........

L ............

- _ electric field

E' electric field induced by the space charge

electrostatic induction

v.

m

q

Jt

.._

JO

Js

X

accelerating potential

mass of the electric particle

charge of the electric particle

•elementary charge of an electron

ionic emission density, in amp/m _

emission density at saturation

2:

i
- ANALOG QUANTITIES :

}
t

analog potential ("analog field")

k analog coefficient defined by _ = kV

surface density of emission or number of particles emitted

per second and per unit surface

- @L analog potential, created by the space charge

_--_P reduced space charge
:b ,

P

E, E' electrodes

C electric conductances

_, = - k_ constant
?

At, Az cutting step in direction of the axes r and z

intensity applied to ,ne node of the network

R*, Rj, Rn electric resistances

''--_ _ variable resistance
- !

Ii Rv true resistance
.... I

r ip, iL, _ intensity discharged by the emitting electrod_

i

__.--vi_ __! ._ .......
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•5 - SUBSCRIPTS :

e, f, a quantities related to the emitting, focusing, and acceler-

ating electrodes

O referring to a node of the network

LpP quantities of the solutions of Laplacets and Poissonts

equations

i, j,t indices of position and summation

-- g

•6 - mSCEU ANEOUS:

(Y)

(z), (s)

/

° .
P

tiT, do

x,y; X,Y

,TI,C

H

T

6

quantities referring to a grid

vo lume

surface

elements of volume, _f surface

auxiliary coordinates

auxiliary coordinates

vector normal to a surface

vector tangent to a curve

thickness of the beam

p.3

_.-. '

...: .

A

A

increment

Laplacian operator

T absolute temperature

--: Log

- log

I

Napierian logarithm

decimal logarithm

intensity

--:re, r_, _, p_, p* radii
t

"----i (F) boundary of a domin.
i

~---_ i

• i

" _ R_ error introduced oy the method of finite differences

.. .

[....viii ......i

k_, ¢% partial, total errors.
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INTRODUCTION

p._

Electronic optics and its technical applieat_ons involve a study of the

•motion of an electron beam in an electric field, produced by electrodes brought

to a given voltage. The problem is divided into two parts: first, definition

of the distribution of the voltage V and, then, deter_nation of the electronic

_ trajectories in the thus defined electrostatic field.

._ In certain cases, the function V can be obtained by using conformal geom-

J

etry or methods based on certain expansions in series (Bibl. 19, 20, 21,22)

but, in general, the problem cannot be solved directly. Then, for determining

.Ithe voltage chart, numerical approximation methods (Bibl.23,24,25), graphic

__!methods (Bibl.26), or - more generally r analog procedures are used of which

•themost- practical,- and probably the most accurate one, requires- an electro-

._ ilyric cell.

In an electrolyte, for permanent o_ration, the potential g verifies the

_;Laplace equation AV = O. The same holds true for the inside of a vacuum tube,

_ where the space charge can be neglected. This approxi_..ation and the character-

istics of the Laplace equation were used for studying, on an enlarged model, in

...._the electrolytic cell the voltage distribution taking place in a vacuum tube.

Unfortunately, in numerous eases, of interest, this method constitutes only a

.: _very rough first approximation, specifically in the vicinity of a cathode oper,

. ating Under space charge. :

For bodies of revolution and in the case in which the electrons travel in

.__the vicinity of the axis, their velocity making an infinitely small angle with
_ '21 , i

--_.this axis (Gaussian approximation of optics), it is readily possible to deter-

-Jmine&hezelectronic trajectories by calculation based on the voltage distribu-
i

| . :

• i
I

I

p.5
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tion V. Various authors (Bibl.27, 28) have developed complicated equipment

which permits'an automatic tracing of the trajectories, with satisfactory-accu-

racy. More recently, other authors (Bibl.l,5), invented simpler equipment

which also gave satisfactory results. However, the graphical methods, com-

piled by _sson-Genon (Bibl.l), are useless if the initial velocity of the

electric corpuscles is zero.

The electrostatic interactions, existing between the charged particles of

a beam, influence the voltage distribution and thus also the shape of the elec-

tronic trajectories. The voltage distribution V, in the zone occupied by the

r

a point M or contained in a sector of the beam limited by a curve F.

beam, thus is controlled by Poisson's equation AV =-p/co.

A study made by the C.N.E.T. (Bibl'.2) develops an interesting solution

method for Poisson's equation. By means of integrals, one obtains the voltage

and the electric field produced, at a _ven point P, by the charges placed at

The

semi-analog process requires determination, in the electric cell, of the elec-

tric field _ on the cathode. The computationsappear long and involved for

simple electrode shapes, which hardly makes it desirable to generalize them for

more complex shapes, i

R.Fox (Bibl.3), in studying vacuum tubes of revolution, used a paper con-

ductor whose resistance is uniform _n one direction and inversely proportional

to the distance in the orthogonal direction. The direct injection into the

paper of the intensities representing the space charge obvxously increases the
/.

inaccuracy of the method, which might lead specifically to a roughening of the

problem. ':

G.R.Brewer, J.E.Etter, and J.R.Anderson (Bibl.i) have developed a complex

unit which, on the basis of data collected in a galvanometric tank, auto_at-

...................... i ..........................

p.6
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l

i

i_ily plots the trajectories and computes the Space charge- The charge is --

directly simulated in the plane-bottom cell, by injecting electric currents.

. This process poses complex technical problems which apparently have not yet

been solved in France.

R.Musson-Genon (Bibl.l) proposes an elegant method for solving the Poisson

equation, using a suitably shaped bottom of the cell and also operating by suc-

cessive approximations (the space charge p being connected at the height of the

- electrolyte). However, this method requires a bothersome and complicated

- shaping of the cell bottoms at each approximation and presents serious diffi-

L_ e_lties in the vicinity of the emitting electrode.

._ The solution of Poisson's equation by means of a resistive net_<)rk can

- " " proceed _n two manners : direct treatment of the expression AV + 0/% = 0 by

- modifying, at each approximation, the resistance values in order to take the

C space charge into consideration (which compares to a modification of the height

:__ of the electrolyte in a tank), or else thorough study of the equation

j AV =-p/e o , in which the first term is represented (once and for all)by fixed

_ resistances while the second term is simulated by an injection of current into

•--_ each node inside of the electron beam. We have adopted this latter solution.

;_ [ In a first phase, an approx_mation of the "Poissonian" is obtained by neg-

lecting the space charge (p = 0); in a second phase, the voltage readings, _ade

• en the network are used for calculating, on a digital computer, the correspond-

. ....ing trajectories and space charge.

_ _ The obtained results permit defining a new approximation of the Poissonian

;. and approaching the second iteration, and so forth until convergence is reach-

'" led. ' i

--.-_ The computation method described in the present paper is then applied to

IT-_T............................................i............... ........ .... .... ..... p.7
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ionic propulsion. This (Bibl.29), based on the electrostatic acceleration of

electrically charged particles, requires the following:

- power generators;

" ion souz.ces, each represented by a feed of propergol and an ioniz-

ing device;

- systemm of driving electroaes, generally comprising focusing, ac-

celerating, and decelerating electrodes;

- electron guns for obtaining a neutralization of the beams.

The investigation _ade on the electrical network specifically requires a

perfection of the ionization. This perfection must be obtained in practical
J

-- work (Bibl.3,_,30,31) since otherwise the presence of nonionized atoms may re-

_-sult in collisions with ions and, consequently in a breakdown of the motor.

_ On striking the accelerating electrode, the ions produce there an erosion

_L- which must be minimized as much as possible. Consequently, the focusing of the

z_ "

# .... ,

beam must be extremely accurate so that the operating time of the motor will be

at least several days if not several months.

If the beam of particles ejected by the astronave is not electrically neu-

tral, the propulsor becomes negatively charged (since it yields positive par-

ticles) until its potential prevents the departure of new ions. To neutralize

the beam it is sufficient to inject electrons downstream of the accelerating
f

electrode, in which case the field of the space charge attracts the electrons

-_ '.to inside the ion beam. To prevent a return of the electrons toward the source

_ --:of positive particles, it is sufficient to insert an electrode known as the

!

"'-_ decelerating type. In first appro_mat.ion, we will neglect the influence of :

"" _this neutralization, assuming that it has practically no influence on the shapei

-i of the trajectories in the vicinity of the emitter.

i /4. '
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In the first Part of this report, the equations treating the physical

problem are compiled before describing the method of analog solution. The

differential equation of the trajectories is solved on digital computers of the

p.8

Gamma AET type, by the Rung e-Kutta method of fourth-order integration. The

transform_%tion of the triple integral _y div (pU) = 0 is a surface integral

which permits a step-by-step calculation of the space charge, takingthe ele-

mentary current tubes formed by the beam.trajectories into consideration.
i

The second Chapter discusses the electric and kinematic limit conditions

and their representation on the electrical network and on digital computers.

The third Part is devoted to analog realization. The network is composed

of several insulating panels which are readily interconnected, each consisting
i

of ten rows of twenty nodes each. The domain under study comprises about 700

nodes. The electric resistance, installed in the pin of an electric plug, is

placed between two successive nodes. The electric feed of the network is done

by direct current, since practical experience has shown that the high resist-

ances,used for application of electric currents that s_mm_late the space charge,

result in considerable dephasing when alternating current is used.

Before considering, in Chapter IV, application of the method to the

- three-dimensional case of axial symmetry, the problem of the plane diode is

first treated in order to check on the rapidity of convergence of the iteration

process. Several methods are developed so as to obtain a voltage distribution

corresponding to a saturated emission, together with the value of the resultant

emission density, i
I
J

_ An estimation of the errors in the last Chapter indicates that, although

i
- some of these errors can be classified, it is quite difficult to make an eval-

--.uation in the case of others.

. -. ..
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CHAPTER I

LOCAL EQUATIONS OF STATIC_ARY FIELDS
AND THEIR APPLICATION

i.I LocAl Equations of Stationary Fields

For a continuous distribution of electric charges, having a vollm_e den-

sity p, the classical continuity equation is written as follows:

!

..- ment dT.

_ Since the electric field is stationary, eq.(1) reduces to

(i)

where U denotes the velocity vector of the particles contained per volume e!e-

(2)

p.lO

assuming that M (_,TI,C) represents a point of the volume (_). Since the c_rge

of the vol_:e dT is pdT, the electric field E at a point N(x, y, z) will be

(3)

I



............ _ _ . _

. The electric field is derived from a potential, like anY field of-cent_i-

" 'ro)-cea____:

• . .._ _ -._ ;

a=_ grad V =_ V V
?

(63

The electric voltage is expressed by the integral

V=
! _)P dc4nz,, 7 (5)

On introducing the electrostatic induction vector D = toe and taking eq. (3)

. into consideration, we obtain

-

_the Poisson equation:
• i

,/ivD = p (6)

.....A transformation of eq. (6), taking eq. (&) into consideration, leads to

:o
p.ll

(7)

_ .' Since the electrostatic drive revolves about the axis OZ, the cylindrical

--:coordinates (r, e, z) are adopted in all computations in order to make use of

_:the symmetry.

• ' The space charge exerts a double action:

- ..... 1. The charge creates a radial centrifugal electric field E' which in-
- .: r

. creases the angle of aperture of the beam (Fig.l).

-- In order to overcome this divergence, a third electrode kno'an as a "focus-
% ..,

-ilng,, electrode must be used, whose input diaphragm must be sufficiently large"

• -i to_permit.passage, of _he beam_ ..... +



Q I

.......... 2. -The space charge creates an axial field E' opposed to the accelerat-
Z 9

_ng field and resulting in a li_Lation of the current density t,hat the beam is

t

- "able to carry.

....1.2

These two effects combine to give rise to a voltage Vp - VL due to the

space charge and also satisfying the Poisson equation because .AVL = O.

Differential Equation for the Trajectories

The basic equation of dynamics, applied to electric particles of mass m,

.-i.i_.ichargeq, and subjected to the accelerating field E, is written as follows:

t

_2

,--. neglecting the mass forces.

__:.... Assuming that u, v, w are the

2 L_: coordinates, we .have

-- -i

---@

9tad V (s)

components of the velocity _ in cylindrical

_ -+ U yrad

Since the field N is station_ and taking into consideration the ax_l

""_.isymmetry, considerable simplifications are obtained :

.:•--Y-.

'- _Consequent_y,
l

i

t

, ,2-- i
_°

._'Let us assume that

!

,I I
° •___

1

______U=o
_t

0 =
_6

I
I

rr, otr.otz

(9)

p.12



Since

I

r"= d2rdz z

_ _. dr dr ,,'_ r w
dt dz dr

It follows that

m (r"w _" + wr ,- -_:z')=-¢_;

- "T; ,,, _,'_ _ _vrn (w r ' D w +

_7 az/\

_ Let '

' )_V
m _2r_=- ¢ aV_ r _z

" Z

....... . The theorem of livingforcespermits to write

P

__ U2=f m _ _?V + constant.
2

(io)

This latter equation can be obtained also from eqs.(9) and (6).

Con{equently, r/7 (f ÷ r ,z) w" = -

l

_where 2Aq denote a constant.

z.q V + zaq

Finally, the differential equation for the trajectories is expressed by

(]0)

p.13
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..--- .................

_- Since the wanted result is a solution if Poisson's equation for the most

general case, the present paper will furnish a method of analog computation,

taking all characteristics of the entire unit into consideration (external sD_pe

of the electrodes, geometry of the propulsor, initial conditions on the emitted

particles, voltages applied to the electrodes).

- 1.3 Analog Solution of Poisson's Equation

i

Equation (7) can be written by means of cylindrical coordinates :

- ____y_v+ t DV + D2V = p _ (7)'
_r a r Dr Dz 2 £o

7-- I

• !

".in which the term_ 82 V
, 8-_ vanishes because of the syz_etry.

"__. Before discussing the analog representation of this equation with partial

2...... derivatives .by a network of resistances, it is necessary to replace the equation

--2 by a relation with finite differences.
i

.A

[

1.3.1. Relations with Finite Differences

Let us assume, in the meridian plane, the presence of any grid or lattice

f_!_ (Fig.2) whose sides are parallel to the r axis a,_ to the z axis. To any point

T

_ of intersection of the two straight lines, forming the lattice, a lattice point

- i
. or '_ode" corresponds.
_ !

..... ! Let us consider a node O, to which the subscript zero is given, and the

-h-_"cross', which it form_ with the four surrounding nodes (I, 2, 3, &). let Vo, :

_-V_, V_, Vs, V4 be the respective values of the function V(r, z) at each of these

'_ points and let Az_, A_, _zm, _r_, be the distances separating the Central node

:':-from its immediate neiEhbors (distances which are very shorb with resPect to

............ L.....IU__.. : .........

i "

p._
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i i

"__. From the Taylor formula are derived the following relations, known as

"finite--d:kfference relations":

(i2)

.-_;. From which it follows that

...._--; rLlrt' (12) '

---Cs, and Ci, arranged in accordance with lthe preceding lattice (Fig.3).

--. Kirchhoff,s law of networks

i

!

i

1.3.2. Electrical Networks

Eet us consider an electrical network formed by the conductances CI, C2,

_ilby limiting the calculation to the terms of second order and by adopting a reg-

....___ar meshing with steps Ar and Az.

-- Consequently, it seems that the second term of eq. (12)' can be represented

.by a network of pure resistances.



|

!

!

j- 4

J= 0
0

(13)

(where the current intensity io is applied to the network at the node O) can be

transformed as follows:

.#=4

./. t

.where _ denotes the analog potential function, treated at the network. Expan- p.15

sion in a Taylor series and limitation of the calculation to terr_ of the second

.. order will yield

Let us adopt a regular meshing, following the two axes:

_z t = _z 3 = A z

Ar2 = _r4 = L_r

(_)

The indentity of eqs,(7)' and (34) requires that

" " 2

. .----'r

@=kY

A_lc _+c3)=Lo _o (15)
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i...... Let- "......................... : .............

c,-c_=c.

ac,.C4-__c ,. __
2

ce _ cr + a c,.
2

i .

I

.-

+.

c

°. "

A solution of the system of equations (15) leads to the following results :

AC r Ar
¢_-7-=_ .. [Cr=P,"l (16)

c= = % ar_Az z , Ca,= /St dr'Zaz' (17)

l,'o=kec_, zx'" I (18)

+ .

.-. j

• +.__

; J--'

i

•"---+ The finite-difference method, applied to the electric network, leads to

2-L.Ithe following conclusions :

The conductances C_ vary linearly with the distance r.

The cor_uctances+ C_ are constant along a parallel to the axis of the

electrostatic drive.

The intensity ao is proportional to the space charge over a line

r : const.

The direct electric analogy between the voltage V of the physical field

• 7-

and the potential _ obtained at the network is expressed by
J !

......_ 4,= kV

2, !

--J I

5?__'where the constant k depends in a general manner on the voltages applied to the
t ,

" ..... : _13 ....... ! ......

,p.16

i.
(19)
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....electrodes and on the experimental scale. The electric intensities, applied to

-the network, are tkerefore equal to

k 6' ez Z:,"

. An investigation of formulas (16) and (17) shows that the resistances be-

come infinite near the axis. This leads to a particular difficulty; to over-

come this difficulty, certain authors reco_aend the method of a diagonal net-

work (Bibl.7). We preferred to use the method of "true resistances" combined

• _with the method of "hollow cylinders" (Appendix I).

The current intensity," applied to the network at each node is a function

of the local charge density p. A computation of this (see Section 1.5) requires

-knowledge of the trajectories of the electric particles.

--_:_'1./_ Solution of the Differential Equation of Trajectories on Digital Computers

_:---.

J _._'

.... i

The differential equation, written lin the form of

r". " (2o)

-,-,,)

can be solved on digital computers by the Runge-Kutta method of fourth-order

integration (Bibl. 9,lO).

__' Before this, on the basis of the v61tage card _ obtained at the electric

_ network, the partial derivatives _r and _ must be calculated. This computation

._:is made by a method of parabolic interpolation, of which a brief discussion is

-. given here for better understanding of the remainder of the present discussion.

1
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", ...... Let Xi-z ,xl, Xi÷', _"5e three absciSsa_ints where-a -function y assu_..es,

respectively, the values Yil, Yl, Yi+l- The values y, of the function, at a

_ point of the abscissa xl located in the interval AB, with A and B being the

respective centers of XI-zX: and XiX:+l (Fig._), as well as its derivative

_Y) are obtained by the equations of parabolic interpolation:dX *l

i

,. (_,-x_-)c_-x,;,)_
(x,-ix,-)_,-,-x,.,,)

÷.(_i-×,.,,)('_.-_-,)5 ÷ C_._×;_,)(¢._ ×.)
(_-_+,)(_-_._,) (x,.__x,:.j(_.,_×,)

_',, (21)

and, deriving with respect to x_,

_.,+ 2_-_(%,,,x,:,)_ + 2_._(x,.,+,,,.)_+,(22)
(x,.__,.,)(_,.__,.,)(_.,___)(_.;_,)

_._ Formula (21) represents the equation of a parabola passing through the
i

;:. _three points (X:-z, Y:-z), (Xi, Yi ), (X:+z, Y_+z)- It should also be noted that

the parabolic interpolation gives an erroneous result in the case in which the

• J vertex of the cone (21) is located exactly in the interval Xi-z Xl to which x_

belongs (Fig;&); this unfavorable conjuncture is the less likely to occur the

smaller the intervals.

-_ Let us consider, in the meridian plane (Z, R), a lattice forming four rec- /18
i

,_::_itangles at whose vertices the function ¢, representing the analog electric l_-

?__;tential, takes the nine values Iz , la,-,-_9 (Fig.5). The centers of these rec-

_ .__._........... _ ................... ................ !......... " .... _- ...................... _ .... '
i

".............. _-2.1"__i_?-_ii_ ....... --"
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• r

i_nglesdefine another uadri_teral ABCD.-- q

Let us assume a point of coordinates (z:, rj) located inside the rectangle

ABCD and let us determdne the following at this point :

°.--

....as follows :

o)

(z,,

(z; ,o)

derived in direction of the R-axis

derived in direction of the Z-axis

By directly applying the parabolic interpolation formulas the procedure is

)

ji

__by means of eq.

./respectively, on the axes

-i Rj.,,

_ i - Calculation of

- Calculation of _ (/4) , _ (I) . _ (j) ._5 (E), _ (F) , _ (G)

(21),based on the values of the field at three points located,

J

_'÷, , Zi. , , Z i ,t Z_,

l

(zl , _ ) by application of the same formula to the three

• . values @ (H), _ (I), ¢ (J). This selection of the points H, I, J is completely

arbitrary: the points E, F, and G wouldfurnish just as acceptable a value for

___ (z,,n )- i

_ (z: rj ) and of a_ (zt rI ) by means of eq.(22) and,Calculation

--!respectively, of the values # (H), _ (I) _ (J) and _ (E), _ (F), ¢ (G).- J

.._.......S_ince_the initial_conditions of a trajectory, i.e., the r_ and_the coot-__

. ........ _......z65__ ,



di_tes _ _ _ of the pin_ of denture _ are kno=, it is possibleto _!-

culate r'B from eq.(20), taking into consideration the results obtained by the

parabolic interpolation of the values of the field # obtained at nine points

surrounding }_. The Runge-Kutta integration method thus permits obtaining the

quantities r' and r" in steps;

- at the point zo + AZ, if the values at point zo are known;

- at the point Zo + 2Az, if the values at point zo + Az are known.

1.5 Calculation of the Space Charge

oo
The research on trajectories (electronic or ionic) on the basis of the

configuration of the electric field having been completed, the density of the

local charge p must satisfy, at all points of the field, the equation of con-

tinuity (2). (Outside of the particle beam, we consequently will have p = 0.)

let us assume three closely-spaced trajectories i, 2, 3, (Fig.6).

Let us then consider the annular volume (_), delimited by the extreme tra-

jectories 1 and 3 and by the planes z = z: and z = z:+l.

For a current tube, GreenVs formula will be written as

J

where _ denotes the normal, outside of the surface (_), limiting the domain (7).

Taking eq.(2) into consideration, we obtain

._ e u n ds-=o (23)

y-

On the lateral surface of the current tube, the velocity vector _ is nor-

.......17_
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f

I

L ............

._'mal to _. Consequently, the contribution of this boundary is zero.

: Let P1 and Pd,be two points appearing on the extreme surfaces (planes)

"_l and _.l+,- Then, eq.(23) is transforr:.ed in accordance with

-- where and M:+x denote-the points located on the intermediate trajectory 2;

....we assume, in first approxi=ation, that:

:i}
÷ :

L.,

i

- the fields of the velocity vectors _(P_ ) and U(P&), at each point

of the sections _: and _i+l, are represented by the uniform, fields

_(_) andUCl,_,÷_). "

- the fields of local space charge p (Pj) and p (P%) are also re-

----placed by-the uniform fields p (_) and p (Mi+x), --L ..................

Then, eq.(23)' is simplified into

--T-';

5"__Let

_ where

I

÷ =0

L • "_ _'?_

Vl +tg" _i

_.=-the points

-_ Finally:

I
---J

Let us assign the subscripts i and i+l to various quantities attached to

and )%+,. i

=1 =
!

._. o
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L ............

.+_where

"+denoting by r_ and rs

i

i

....which define the boundary of the plane

--From which it follows that

the radii which correspond to the trajectories 1 and 3
J

(Fig.6).sections

_:.+/

__+|
T.+, j

--4

°..)

V,+rlz V1+

Equation (2&) permits a step-by-step calculation of the space charge p

--i(see Chapter II), taking into considera£ion the form of the emitter and the ini-

----- .._ial slepe_f the-trajectories+ The computation, programmed on the-i_M 61(_ ....

__.computer, reduces, on the one hand, the 'time required for solution and, on the
L; -

--[ J i

I
^__other hand, the risk of manual errors.

7_'__1.6 Iterative Solution Method I

" " i
" ") i J I

! Solution of the Poisson equation obeys the following law: +

Z

....: Since the emitting electrode is rigidly given, an arbitrary form can be

:++given to the other two electrodes (focusing and accelerating ) which, a priori,

+----late unknown. The approximation, of the so-called "zero order", consists in
; )--_ I

....idetermining, at the electric network, the Laplacian field which satisfies
i

+ "i, i

'0 1

l
r-1 i

,'%VL = 0 (25) 

I
I

........... ]9

ig.!
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.__ On the basls of the beam of trajectorles, corresponding to this Laplacian 'i

:::!field, the computation furnishes a local space charge Po which, when applied to

?'ithe network in the form of electric intensity over the inter_.ediary of high re-_

': isistances, will result, in a first-approximation Poissonian field, such that

AVp,_ Fo 26)
-- _°

I

i

An exploitation by digital computers of this second field leads to a new

__ network of trajectories, from which a space charge Pz is detemrined. The suc-
.2 i _ t

-]icessive approximations satisfy the following equations:
.. ,

.... e

_ AVp_

": "-- i

5> ..i

AVe= {'2_o (2_)

i
i

In general, each cycle of approximations takes place at constant emission
i

/22

_]density Jb (in this respect, two methods will later be proposed, Ln order to

- _.

_.determne the electric potential corresponding to the case of a saturated ewis-

:ion). i

___ A third, more interesting method, permits a definition of the emission

_._;density at saturation, by adjusting the_value of the parameter J0 at each ap-
4., 1

.... i

_ "proximation, in such a manner that the _lectric field is canceled at the sur-

.._face of the emitter, i

!

-_.:, Convergence of this •iteration method is ensured after the third or fourth

__o_ i '
._,approxi_io n_ " :'

I----20......._ " ....
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?.'_ view o - -too "

. Jconfiguration, it is necessary to repeat the cycle of computations with new
' i

-i_. dimensions of the accelerating and focusing electrodes, wherever the selection

_t_.:-:°felectrode shapes had not furnished a satisfactory result.

J

",-- :.~

_--o_

! "" i
• •t -- _.

f
t

I

_2L ..... i



CHAPTER II

LIMIT CONDITIONS

The electric potential which, at any point of the domain of definition,

;:_. satisfies Poissonts equation (7) must, along the boundary, also satisfy the

'i: i:il at  ,nditions of the ph: ica ' problem.
, i

___2.1 Physical Limit Conditions

2.1.1 On the Electric Potential

_-- The electric field E, produced by keeping the emitting and accelerating

_-'--.electrodes at two different voltages, must accelerate the particles of charge q.

_-_-_ The direct analogy between the physical potential g and the analog poten-
T =

--!till _, tapped at the network, is expressed by the-linear relation

• • ..-r-"- I

!

i

_o ¢_._.'

_- k V (19)

The electrical network has the advantage that it is just as easy to treat
_: i

"-"--:either of the two problems Which may occur in practical use: the electronic

"_--:problem and the ionic problem° In the first case, in order to obtain extrac-

',-;._tion and acceleration .toward the propulsor exit, it is necessary - according to.

_eq.(8) - that the vector _ g and thus also the vector _ ¢ be directed

/'?:!along the perpendicular exterior to the' emitting electrode (the charge q being
' !

_!---]equal to -e, where e denotes the elementary charge of an electron) whereas, in



a

r
I

- the second case, g-r_d V must follow the _interior perpendicular (the charge q of

an ion being equal to *e).
i

-The l_r_.t condition, obeying the direction of gra-"-'_ V thus will be as

follows:

Ionic Problem:

V, = V, on the emitting electrode

V, = 0 on the accelerating electrode

....where V, designates the accelerating potential.
' i

-'./!Electronic Problem:

It is 'sufficient to inverse the preceding potentials on the two electrodes.
I

The focalizing electrode whose role it is to concentrate the particle beam

........__.toward the axis of-the propulsor, is brought to a certain-voltage Vt-. In-our---

. _experiments, we always adopted V. = Vr so that it would be definitely possible

<-, j

.....',touse the Runge-Kutta integration method. In fact, this method can be used

-:_-_!onlyif the second .derivative _ does not become infinite, since otherwise

..__t_isimpossibility can be presented in the two cases (ii):

it dr
--+ i.nnlte

":"-" c_Z

.--- V_ A=o

.... In order that.the ions are sufficiently repulsed, it would actually be

--]sufficient. to bring the focalizing electrode to a voltage higher than that of

._ithe emitter. However, there is a certain risk involved since it is definite

-_'that an equipotential line exists in th$ field so that V - k = O. If the ion

....._particle encounters this line or approaches it sufficiently, the integration

__:method will become inoperative. To avoid this risk, it is suggested to adopt

_ .'e.qual voltages on both en_i'ttingand_foca!_izing elect_rpdes, .........................
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12.1.2 On the Initial Velocity of Electric Particles

i Let Uo be the initial velocity of the corpuscles which we will, hereafter,
:_-7

-_assume to be ions. The influence [5 on the shape of the trajectories in the

_ _vicinity of the emitter is expressed in the following results:

2_".

5.7

35
-.----4

2.1.2.1 Zero Velocity [5

I

The limit conditions to be satisfied for the electric potential are as

follows : II

/26

!
-_ Equation (I0) yields k = V,. -- .....

Consequently, the differential equation for the ion trajectories is written as

l

" Dr
r =

follows:

2 (v- "4) (29}!
i

i

?__ At each point IV@ of the emitting electrode we have exactly V - _ = O, so

L_-ithat _-- becomes inffnite there. Thus, application of the Runge-Kutta inte-

•:-'--gration method on digital computers is possible only beyond the point _. How-
__, • |.

_-;ever, as will be discussed below, integration can be made by using a point }% ,

'_--;located, exterior to No on the normal to the emission surface, as the initial
___ 1

i'L_-_point. In fact, let _ and _ be the vectors tangent and normal to the electrode

_ (E) at the point _ (Fig.7) and let }_ be a point of the trajectory issuing

' _ . i_ ..... I
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i_from Yo, very close to this latter.
b

_-: A function f(M, t) can be develope d by limiting the calctulation to ter_q
t "

'_-_iOf the second order, in accordance with

r'(Mo)+(t,_o,.r CMo)
2_

!
L ' 77

where fv and f" denote the successive derivatives with respect to time.

- !

_ ntlynseque , 1

-----* -_ tz -_
Mo M, = A_ Uo.+ A _o

Z
.-2-7

?7_Y assu_ing that
(_)

i .

_" Where Uo and To represent, respectively# the velocity and acceleration vectors
4-- ,

t I

2_-bf the ion particles at the point No. ! !

._7__ Thus, by definition: U o = 0 . i

2"_ .On scalar multiplication Of the two terms of eq. (30) by _, we obtain
I

3:;-i

i

The fundamental equation of dynamics (eq.8) will yield
I_'L._ I

t
-7-1
° --.I,

/_._ _et
I

--I
_'. , I

i
. ".--"i

c. M,M, = -.-- c. ra
Zm . M@

I

I 2 I

_rom which it follows that

t
o--- n

(s21

(33)

I
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. The emitting surface is an equlpotentlal llne; the vectors n and (g_ V)F_

---', !

: are colinear. Consequently,

.x'.

..... ! c. /.I° M, = 0

I

• . The point 2I,, therefore, is located on the normal _. i

--_7.. r

._Conclusion: The ion trajectories are orthogonal to the emitting surface if the

initial velocity of the electric corpuscles is zero.

....i This statement makes it possible t_ apply the Runge-Kutta integration meth-
_:_ • ! !

--'od, starting from the initial points Fg _located on different nor_als to the

-_emitter. The distance _B_ = An may va_ in a noticeable fashion. The shorter
!

-_this distance becomes the more will the trajectories approach their real posi-

_tion, but at the sax.e time, the risk of lerrors due to a poor parabolic extrapo-

__.].a_tiQn _,9.e._e._SeetiQn 2_,2,11 __'_ll increase and__the integratiQn step .w__ll_decrease,

-- _eading to a much longer total integration time. Consequently, a compromise

An
_must be taken into consideration. The check tests made with the ratios _r are-T-! i

_-equal to i;"0.5; 0.25; 0.15; O.10; 0.05, and the different an_lar coefficients

--__t O show, in a precise case (Laplacien field), that the trajectories, issuing i

:_'--_rom"one and the same point, constitute _
I

--, a sort of "horse tail" whose thickness '
_/' i i

_ An If we use 8 for denoting the _.varies in the sa_.e proportion as the quantity A'-'r"
• 11 1

- _istance (Fig.B), for a given abscissa z, between a trajectory with any angular !
I

°_

_icoefficient and the real trajectory of the ion particle, the curves of Charts

__illl and II_ will give the evolution of this thickness as a function of the rati(

'' 'An
A-r-; when extrapolated to the origin, these-curves show that 6 actually tends

L.'I i ..

- ,_oward zero , which would prove that, if _it were possible to apply the integra-

__ition method up to the emltting electrode - and this no matter what the adopted

___init'_a__lslope _ay be - the resultant trajectories would all coalesce into one,__!.
|

............... I---26 .._t ....,
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i

i.inamely that corresponding to the angular coefficient of the normal to the point_,
"4

4'..i1_ under consideration.

_, 2.1.2.2. Nonzero Velocity Uo

._ Let a grid G, charged to a potential Vs , create a "preacceleration" of the

-._. emitted particles. The geometry of this grid is horr_thetic to that of the

-__ emitting electrode for the case of a spherical segment and translated in the /29

---_)_._iease of a plane emitter (Fig.9). The electric particles are extracted from the
t

- .:,-2 . .
- _.emttlng electrode at 7.ero velocity. After being accelerated in the space be-

L tween emitter and grid, the particles reach the grid with a uniform velocity Uo.

_ _Thus, it issufficient to treat the problem at the network by means of three
_ i

2_-!electrodes: grid, focusing electrode, and accelerating electrode, where, the grid

L--" !

"-_--.plays the role of a source of ions having an initial velocity Uo.
b

_'-_ The physical licit conditions are
r

__7_. Vc -'V s ; Va= o ; V{= V9 ; with 0<_ <V s
.:_2

-"--) . |

_."where U = II_ on the grid.
3;; t _

---' i

c.:__ 2.1.3 Influence of the Emitter Shape on Calculation of the Space Charge

_; The equation j

' i
0 "-" I I

_L Ui - Oi +, i,t
/;:-i f i +1 - _

L_i I + q t+ ri, ,
--i i

a,_d ' II

"l--iderived in the first Chapter (see Section 1.5) permits a step-by-step calcula- i

I
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[ ..........

ition-of the space c_rge on _a-lgi--ven-trajectory,-taking into consideration _the....
.- !

_._shape of the emitting electrode.and the position of two neighboring trajecto-

_.' ties (Fig.6).

2•

2.1.3.1SphericalEmitter

For an emitter having the shape of a spherical segment and assuming that

__ the ion emission density is constant and corresponds to a uniform current den-

sity Jo on the emitter (_ = Xe, denoting by X the surface density of emission,

"" 'number of particles emitted per second and per square meter), we will have

2 rrr ds
4

......... _ in-which -case the&ons are- emitted--orthogonally to the boundary-(E)- (see Sec--
27

__: tion 2.1.2.1).

._:.... The integral _E 2nrds represents a' surface of revolution.

(35)

In the case of

,,_2/rrd& = 2 _ R h o (36)

a spherical segment, we have

1

• i

• i
"-- , with:

where_ ZI e

-}

i " I

!

R = radius of the sphere.

I"o," (=3 - "I),

denote the initial abscissas of the trajectories
!

,2eRhojo

and za,

From this• it follows that

I

_ as. --.g.7_

(37),'

1 and 3.

.........................

/30
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2.1.3.1.1 Zero Initial Velocity

Equation (i0) is written as:

Z

!_,-_where V= is the potential of the e_itter.
i

"_ ' Then, eq.(38) becomes
.... t

' i

-_ "2['- 1

t

2!
"4--

• J

2q'

iI.._l___US a_tha_

t

".I :

I
.!

/31

" 2¢

-_ = Vs , (_)_

J -) ' i

--jiThe dimensionless quantity ep., is finally expressed by

I l+r'i, z-

, _-- (XpL 2Rho 1-- Viv--T (_)

z.._-j Jo (r: _ rZ),

• I
:'.'-- Consequently, the evolution of the quantity eO: reduced space charge
.- I _'
l,'.t (proportional to the space charge), along a trajectory depends on the slope of

-- I

5]__this trajectory, on the position of adjacent trajectories, on the parameter 2PJ_
i "I

i
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L" I

I

I

_..':Iinked to _,h-e geome_,ric- form-of-f_he-em_itter-and to--the--c_t-ing a-clo-p-t-c:_cl--on--_ch-i_S-i

__._emitter (total number of annular current tubes used for the calculation of Pl

C !in
__ the entire domain), and on the ratio _ between the local electric potential'

'_!gl and the accelerating potential V,.

2 The parameter jo remains arbitraryl it is defined without ambiguity in the

.i::_iease in which the emission is saturated :and in which the electrostatic field is

1-_canceled at the surface of the emitting electrode.

,. "T -¸

_f

_.,

i

--.i

L.j.

.... i
' _s i

2.1.3.1.2 Nonzero Initial Velocity

I

I

In the same manner, the following is obtained

I
I

pt 2 R h o

Jo

" ""Cv -vJUo +-_-

2.1.3.2 Plane Emitter

!

Identical reasoning leads to the following:

J_l 2 rrr e/r

I
I

__by assuming the emitter to be similar tO a disk of diameter E (Fig.9).
LJL_ i

The preceding expression then becomes :

i
_- ........ K__-__-_-..... ]

(_._)

i
i

I

I

----_
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_£.,

with

(,.;_,-r)
• !

J

The formulas expressing the quanti_y c_Ol taking into consideration the--N'
..--values of the initial velocity LB ofthe ions, are just as readily obtained.

---.2.2 Analog Representation of the Li_/t Conditions

2. i_

The analog potential _ which, at a_l points of the network, satisfies the

.._equation [

@

25--

--.imust express, on the contour, the limit conditions of the physical problem.

3'.:--_ Let (F) be a boundary of the domain (for exmnple, contour of an electrode_

_--Within the frax.ework of ionic propulsion, two cases may occur:
r_

--! 2.2.1 Dirichlet Problem 1/33

/). ! i

.---_ Let the-potential _ on an electrode (P) be known. This limit condition :

•--'which is particularly simple is obtained in all cases, no matter what the value;

/:_-_of the initial velocity U_ of the electric particles m_ght be. !
---_ ! i

:A'D Let us assume Uo = O. Except in the case in which the "saturation" (see i
._ i

_<--Section 2,2.2) is treated directly at the network, it thus is sufficient to

._!_.t_ta..c.h:%hepotentials ¢_,___u,_and _#L to: the __emittiDg,_fgcusing, and__acceler-
I

L............ ! )%
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!7sting electrodes.
q

__..: In general, the contour (F) intersects the meshes (Fig.lO). Equations

•:_! (16) and (17) are no longer valid for the resistances joining a node such as 0

_- to the boundary.' Nevertheless, on applying the finite-difference method (with

:_a possible correction due to the proximity of the axis) to this node, the con-
t

i -iductances which terminate in 0 are expressed by

_._' c, A z,_ ¢_ A zs = 0

i___! (17)

/_Z lC3- C, _with C, _r arZ:;/ ! --- ----------. C

-_ Az 3 Az _

0 from the axis of the propulsor.-iwhere r denotes the distance of the node
-7i

-:Since At4 = Ar and Azl = Az

-" it follows that

2;.'i

:4.7_._

t

_'_ 'the center of the meshes, we have_ J__ ._,

- ----i

ij -

i
I

I

I

_r z

_z z_z3 - :

I

In addition, since the values of the conductances Cr

_A

.

(_)

One Dirichlet condition which is rather easy to satisfy nevertheless re-

•..--!quires accuracy in the calculation of resistances adjacent to the boundary.

_?'_]'rhis results in continuity of the field _ and of the partial derivatives _

-,__and_ z in this portion of the domain and thus also gives the shape of the tra-
• -1 '

_' iJect°ries" i .,
!

f

] i• .............. - _ 3_2 __

(LT)I

I

have been taken at
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[.............

' Because of this continui-ty-,-the principle-i-tself-of the parabolic interpo-

"_ lation method, applied on the digital computer Gam_ AET, leads to serious dif -:

ficulties. In fact, a calculation of the second derivative at a point MI

located on a normal to the e_tter and adjacent to this latter, requires knowl-

edge of the values of the field _ at nine nodes surrounding the point }% (see

i'_Section 1._). Some of these, in the general case, are located at the interior

!._of the electrode (this difficulty may occur in all cases in which an ion tra-

jectory passes near an electrode, no matter which one). The analog potential _,

which represents the physical potential V at the network, is constant at the

_ interior of each electrode. Figure ll, for example, shows the evolution of

":_in the vicinity of the emitter boundary, in a section r = rj. It see_a that,

__for 0 < z < z,j the potential @ is equal to @.. Beyond z = z,j , the potential

- .... _ generally is discon-
-__.function changes abruptly since the partial derivative _z

- tinuous for z = z,j . The Runge-Kutta inteo_zation method, based on continuous

27/ functions , yieldserroneous results under these conditions.

[_. The solution adoped to avoid such discontinuities on the partial deriva-

___tives of the field consists in replacing the curve _ by a series of parabolic

.__arcs and to prolong these in the domain O < z < z,j corresponding to the inte-

_/ rior of the electrode.

..... This method of parabolic extrapolation, made on the IBM 610 computer, _akes

--_iit possible to rigorously apply the value _, to the point z,_ and thus to obey

" the Dirichlet condition, satisfied at the electric network.
i

• Consequently, the principle of parabolic extrapolation is identical with
J

-- i

-__that described in Section l.i. The analog field is given, at the nodes of the

-imeshes, by the coordinates of the nodes !and by the value @ of the potential. A,

;_-/discrete series of points, fixed by their coordinates (rj, zrj ), schezatizes

.............. -_5_33................ __
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}_i-the--bo_da_ (Y) of-the electrode_--k-t-t-he interior of this electrode, the .
! I

_ .analog potential retains a constant value CF. Wanted are the values of _ for

"ithe points located at the interior of the electrode, in such a _anner that

Zq ;
-4"

_--!_ : _r on (F).

.... i In reality, the coordinates are r and z. The search for the potential can

"_-_'beeffected either at r = const or at z '= const. (In order not to l_r°cicu.lar-

1/_!ze in the program, the coordinates are denoted by x and y, where y is constant

i_ _and x is variable.) j

' The extrapolation at the interior of the electrode is done from the bound-

?_ary point and from the two nearest points, by representing the field variation
t

2_---ibya parabola passing through these three points (Fig.12):
i

1

(.r_.%)

C ,

^=_[ The mode of extrapolation selected (r constant or z constant) depends on

Ithe external shape of the electrodes. Figure 13 shows the various modes used

--!in_the case of the problem of revolution (see Section &.2).

, In any case, for a given geometry of the electrode system, the important

---n

_:point is the position of the trajectories with respect to the various bounds-

_fries. This problem of neighborhood is of prime importance and determines the

_lextrapo]ation methods to be adopted. Only the experimental results can yield

___ependable data. Therefore, it is i_,portant to refer constantly to such results
.t "; i
"' ---_ [ [
_:_in all cases. ,

53--].... Consequently, the physical field, whichl is discontinuous at the boundary 13_i

_bf each electr_.de, %s_rep!aced by_ a conti__uo_s_field__It_is_%_qu_stion_whathen

i..... I 34 i --_
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- ° ..

r

_;--!the analog trajectories, obtained by this process, can be considered as being

_'_.'identical to real trajectories. The theory of distribution developed by L. i

' 7Schwartz (Bibl.12) - see also Appendix II - gives a satisfactory answer to this'

_ question.
..... i

2.2.2 Neumann Problem i

The normal derivatiV_n at the boundary (P) is known. This limit condi-

._,tion is obtaihed whenever it is desired, to realize "saturation,,, i.e., to can-

.... i

" cel the electric field at the emitter surface.

_;., Let us examine the representation _of the following condition at the net-

_iwork: d_ = O !
=•- d--6

< .'__ ,

!

i

2.2.2.1 Case of the One-Dimensional Problem

As discussed below (see Section I.I.2), the plane diode can be schematized

*___;atthe network along a line of resistances which can be assumed to be mutually

_,_=_lequal(regular meshing). The intensities applied to each node are, respective-

=-- d_
....,,I To satisfy the condition _n = 0 on_ the emitting electrode, it is simply

_'_sufficient_ to have the node O, which is, the image of the ion source, assu_.e a

"!__certain potential while imposing _ = 0 on the node (n + l) representing the

4:_;accelerating electrode. The potential of the node 0 then is rigorously deter-

'-____ed, taking into consideration the ,raiues of the resistances R* and of the

_ •

-:.._.._injected intensities.

v_: Since the node 0 does not discharge, the current intensity which passes

_:.:_-_throughthe resistance .linking this nodfe to the following node will thus be

i i
, t i

._t

t.
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i

U nse en ±y-o - qu--t'-, ................. _ .......................................

+,- _, = @}, and Z z + i3 = I, (50)

_l_f t ----0

2.2.2.2 Case of the Problem of Revolutlon

1
k;n

I.= Z ik
k--f

I ..

L_

.....Theproblem is Iconsiderably complicated for two reasons, which are due-to:

i - representation of the emitter shape on the network by a series of

discrete points, which makes it impossible to impose the condition

d____ 0 on the entire electrode;
dn

- presence of a focusing electrode which must discharge while remain-
i

i ing at the same potential as the emitting electrode.

Experimentally, it is sufficient to adjust the intensity I, applied to the

focusing electrode across a variable resistanceS, in such a manner as to equal-

...i_

- ize the potentials of this electrode and of the emitter (Fig.15).
L." ; i

If, at each point of the ion source, we are to have _-_ 0 it will follow

d¢
:that the total intensity _ _ds must aiso be zero. In the case of prLme intern

J !
• _ : !

lest here, the shape of the emitting electrode (spherical se_T.ent) does not per-
;_ I

imit - in the adopted experimental process - to impose the condition d__ = 0 at

_.. i_ch Of t_h_e .po.ipts_ which_ s_c_her__tize -this s_hape a__t_the netw0rk... _in - t h_is_ ma_nner t./38

...... i-- _6 ..... -" ..... ,
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F ........................

!.!we will have (Fig.16) at points such as_-A-a_-B,-the-following:

-- ,i

_B _ O. atA
Br

D___ = 0 at B
Dz

? , . " i

_ fin view of the fact that the intensities, circulating in the electric resist-

_> ances which link these points A and B to the node M, are zero.

_i__ When the adjustment of the intensity I is terminated, the emitting elec-

_'Titrode discharges no current, while remaining at the sa_e potential as the focus-

2_ing electrode. Although not satisfying the condition dS_ = 0 at each point of

_-L_ithe boundary from which the ions emerge, it is obvious that the experimental

....i !
2_L_i.process obeys the condition of zero discharge on this electrode which, finally,

27 must satisfy - in an approximate bu_ sufficient manner - the limit conditions

2!__of the physical problem.
i

J_u- i

t

I

j ----i

---°I

..... i

I.

i

1

I .

J



\

f

L ..............

!.................................................... i......................

-J.

CHAPTER III

ANALOG REALIZATION

.39

-.. ,

3.1 Electrical Network

J

The network is composed of several insulating panels, manufactured at

__._!the 0N_LWA Center. These panels are composed of 20 nodes and are readily in-

I

___ terconnectable. The arrang_nent selected for the nodes forms a regular grid

--: on the panels, which per_ts to obtain a network with rectangular, equal or

=---'unequal meshes.

......_,--_-_ Each-node is-presented in the form of -a-brass socket, -located-at the ......_....
• f

__ rear face of the network and permitting the introduction of a banana plug to
2 '::

__ tap the voltage or to apply current. '
i

_ Between two successive nodes there is an electric resistance, installed
53 :

--- t

.__ into the pin of a current plug (Fig. 17).
) _Z_,

:..._' Each wall plug, of standard distance of 19 mm 2 thus permits a two-to-two

_.i connection of the nodes on the panel, iThe realization of a given conductance

__.! value is obtained simply by branching several resistances to each other which

_ .: connects them in parallel (Fig. 17).

_n_ A front view of the electrical network which permits treatment of
/._

•--_ Poisson's equation, for the three-dimensional case of axial symetry, is given
"T/ :

__..A

;p. O
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f •

.3;2 Cutting of the Domain

The cutting step, i.e., the lengths of one mesh, is generally a function

of a certain number of parameters generally known at the beginning of the
i

i_ tests: high potential gradient in a given zone, shapes difficult to represent,

_ specific points where measurements are to be made. I

: Within the framework of ionic propulsion, the local charge density P as- p._l
"" I

_' sumes very high values near the emitting boundary (see Fig. 19).

.__ Consequently, the meshing must be sufficiently fine so that such values

_ are effectively represented in the form of electric currents injected into the
2Z i

_. network. Consequently, it is desirable to tighten the meshing in the portion

;of the field under consideration. Figure 18a gives a front view of the elec- :
_:L ' 1

.... .2 ¢rical network after-modification ot the meshing in the viclnity_of-the emib- -!-

_j ting boundary. )

_ [_ '

)

I

. )

I

--_

J

_i

---.a.

t4_

I

Let us consider a cross extracted from the domain under study (D) of the

potential function _ (Fig. 20).

The identity of eqs. (7') and (_+) requires that

c t A z t _ C3 A z3 = 0

,2 2 kp

(_l)

(_2)

i

1
The solution of such a system leads to the following formulas:

C_- CoArr• 6z_

i
I 3___ ____
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\ •

cs Co a_ r
L_ z 3

c4 = Co(,',z,+z_z3)fr_a,'_.
2At \ T)

(53)

ii_i

i.S-""

- where r denotes the distance of the node 0 to the axis ofthe propulsor and

-_.. CO is a constant equal to _ Ar

-:i _z

... These formulas can also be obtained by the method developed by Ks_plus
i

...(Bibl. 13) Lu M'd.ch the electric resistance, _n a given direction, of one vol-

ume el_ent cut within one notch is calculated. Figure 21 shows the cutting
t

used near the emitting electrode. Let C, C', and C" be the conductances end-
I

!

ing at a node M located outside of the d_eshed doma._.n. It then is found that

division by a number n of the length Az of all meshes oriented toward the
i

z axes, while conserving a constant step Ar in the direction of the r axes,

results in a modification of the resistance values. Thus, those that are lo-

cated along the axis of z are divided by n and the others, located in a per.-

._:,___!pendicular direction, are multiplied by the same numbers except at the bound-

."-._ary of. two distinct cutting domains.

-_, The electric intensity applied to the network at a node such as 0

(Fig. 20) satisfies eqs. (52).

_- Lo kp c,a z_,+ c3A_,_• -'_i From this it follows that _ (5_)

:_-! 6 o 2

•'...... 3-3 Electric Feed of the Network
I

>. 1

-_ ........Various means exist for providing th_ _!ectric feed of _the networks: .......

; 0

p._2
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I

. . .

~

. -y-

- Feeding with direct current supplied by either a set of storage ......

batteries or by s_ rectifier system.

- Sinusoidal current feed of 800 - lO00 cycles, supplied by a

low-frequency generator combined with a power amplifier (Bibl. 1/4.);

- Alternating current feed of 50 cycles, supplied by the circuit and

stepped up to the desired voltage across a transformer.

The measurements are made by means of a null method, with a cathode-ray

-_o oscillograph arranged in Lissajous figures serving as a null indicator when.

_-....the network is fed with alternating current. _d.s method, _.ich in .most cases

° -T..-..

_ _satisfies analog experiments made in the laboratory on problems derived from
I

"..equations of Laplace of he_t or of waves, becomes experimentally imt_ozsible

---L.!within the framework of the present stu_. In fact, the assembly comprises

_,_-_ ,

•"_-.'large resistances used for application of the current i representing the
.... O

_. space charge at each node. These large resistances are not rigorously pure;
°.. • i

2_'.-.effects of inductance and capacitance introduce considerable dephasings (of the
__i

' order of 6 °, i.e., ten t_,nes more than the _.x_ums derived in the electric-

-_iicen) which render accurate measurement' of the potentials practically impos-

-" isible.

-. _ Consequently, we preferred to use direct current. To avoid long and
. -'-°i i

&-!complex measurements when using galvanometers (which are, of course, extremely
, !

•_--isensitive but "_,ose fragility and slowness in stabilizing are in no proportion

"-'with, the importance of the experiments jmade), a digital millivoltmeter, con-

/'_--inected as a quotient meter, is used. The instrument selected, a "digital
----'3 t

...._voltmeter" V-3_ A made by Nonlinear Systems makes it possible to obtain volt-

!_ age data to I/i0,000, either automatically or manually, with the maximum time

....i required for one measurement being of the or_ier of two seconds (Fig. 22).

I
• _"..... _-v__ ---I °_ :

p. 3



- ' 3-I Application of Current: Method of High Resistances

The classical method known as the method of "High Resistances"
.s.

(Bibl. 15) consists in feeding each node (of the network) located in the do-

.....'main traversed by the ion beam, across a resistance of high ma_uitude, con-

....nected to one of the terminals of the current generator (by convention, _ lOO

of the analog potentials), i

i The high resistances are installed in the drawers (Fig. 23) which each

contain _ x 11 commutators graduated in conductance, i.e., proportional to the
E ' ;

.... I

--, desired current intensities. The available scale ranges from 100 KO to 10_3.

_This scale can be further extended by connecting standardized conductances in

parallel. !

p.M+

- t
_ .

:-- expression

T •

L . .

, i

• --: tater,
_h_

I

I

t

1

At sach node, the value of the current intensity i0-is furnished by-the-

kpC z

To this value of io

so that

corresponds a conductance Co, read from the commu-

!

The real intensity which flows across the high resistance and penetrates _

................................... , .......................... _._|



"_- _where _o

I
L ....._ _.I

" into the network actually is

r

I

-- (/ o o_ ,_o) co

2_s

5'__

I" ,_--I

l_7,,

1, :_A

_J

(57)

1.
l
8

too coG-
too_

i

in order to obtain a new value §i of the potential.
J

The current intensity fed to the ,network will then become

L

e,., io ,oo._
I00 _ _ o

a node O of the network.

sufficient to replace C
O

This furnishis a potential _o"

by a conductance C1 so that
i

!

After this, it is

(SS)

(59)

!

denotes the potential of the node under consideration.

-'-_'_. Consequently, the error made in labeling the intensities is _ %. Taking
i O

_ the values of the resistances used within the framework of the present study

-._-i into consideration, the analog potentials reach yew high values (8 to lO _
i

__-i!the case of the first method described in Section _.i.3.1 and even _0 if the

2_i "saturation" is treated directly at the network). Therefore, the real current

"2___] intensity, entering the net_rk, must l_e corrected. This operation is done

_ _"-" !z-_.. as follows:

A first approximation consists in adopting a conductance equal to CO at



I •

I

t

' ! ...... -In order that t_l_ereal--_tensity,:-enterJ_ugthe ne-tTwo-r](,-becomes_-_t?iS -

-!necessary to continue the corrections up to the nth approximation, in such a

'manner that the fields _,-I and _° are the same.

! !

__. Experiments made for the readily computable case of a plane diode have

shown that a single correction of the large resistances is entirely sufficient
! •

-_ to obtain satisfactory results, i

Z;... Figure 24 shows the electric assembly corresponding to one of the method,'
i

;_!-_idescribedin Section _.i.3. A stabilized power source furnishes the direct

21__:'reference voltage +Vr comprised in the interval of O-30 v. Since all measure.-.
.!

I

2,__ments of the voltage are positive, only the index + is of interest here. The
i

;_ !V-34voltmeter, connected as a quotient meter, therefore permits a recording of

,2._ !the e_l_er_ment&l results on an an&leg scale of 0 - iOO. The electric _ntensi-

_:_,tles %, representing the space charge, 1• are applied to the network across high

2.__;resistances connected between the reference + lOO and the node under consider-
i : i

.L;ation, i

i

_-_-" Figure 25 gives an overall view of the experimental assembly, permitting

__L,ja representation of • the Poisson equation

--i i
j

-[ i

1 - !

1,171 !
1

, l

.... ! t
__i 1

"-L, i

t

at the electrical network.

[

7
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_-.: APPLICATION TO THE THREE-DIMENSIONAL PRDBLD_ OF AXIAL _q_fEq_Y

In order to check on the rapidity of convergence of the iteration proc-
i

-ess and in order to evaluate .the accuracy of the calculation method, it is
.___

24 useful to discuss first the problem of a plane diode.

._ _.I - Verification of the Method on the Theoretical Case of a Plane Diode

--i

2'i

$.1.i- Theoretical Investisation

...... When-considering-a-metal placed in a void at a temperature-T, tit-is......

found that a certain portion of "free electrons" has a tendency to leave the

_.:solid. In the absence of. external actlpn, this leads to the formation of an

_ electric field known as "space charge" M'_.ch opposes the departure of new
qo
j -

__J electrons and thus leads to equilibrium.
5J

__, If the emitted electrons are entrained by means of _u applied electric

....field, the phenomenon continues and leads to a dynamic equilibrium character-
i

___ ized by a certain electron flux (curren_ density). This density increases

....with the applied field; however, it cannot exceed the value corresponding to
-_.J i

1

,=--!.the"saturation current" J, which corresponds, in turn, to the thermionic

--!emission at the temperature under consideration. The value of J, is given by

the Dushman formula:

I

• i.......

p.&7

p. 8

I
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!

i

i

L .............

where k" represents t_he I_oltz_q_n consta_nt. --- "

• The application of an accelerating electric field to the surface of a

•" solid has the tendency to increase the ielectric emission there, in accordance

' with two distinct processes: Schottky effect and cold emission (Bibl. 16)..

These two effects are not represented at the electrical network.

............................... I

l

-, +

_+..

_°_

; result (eq. 61):

Let us assume a plane diode whose two electrodes, spaced at a distance

of d (Fig. 26), are brought, respectively, to the potentials gs and O.

_'d_V P yields the classical
Solution of the Poisson equation .,dz-_ - ¢o

i

t
1

V
-- " I

!

::"_'___if i-theden-sit9 oithe-io_cc_rent-t_es the-following value oisatur-ation

..--(eq.62):

-A i

$.1.2 - Solution of Poisson's Equation at the Electrical Network

Figure 2"/ gives a schematic view of the characteristics of one node O.

c, @, c., + io=o

(6_)

We have

.T i

(6z)

I

I ,
By limiting the calculation to terms of the second order, we obtain !

.......................................... " ....... i .................

I

- .......... I............ _- ,4.6.... l
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__-!rent intensity

__-i.will still be

_'_ I

2 :;_i

l

i

--.

_ (c,A_,_c,_._)+7\_ ' )+_o o

In the case of a regular meshing, we have

Az 1= Az 3 = Az ; Ct = Cs _- Cz ;

loo
Using _ = kV in such a manner that k = V. ' the expression for the cur-

I

applied to the network, at the node under consideration,

i

i
I

The velocity of one ion is expressed by

(55

u= C _v)

!(_ the in which the positive particles are emitted without initial ve-_-_ case

'i_v-i ocity), while the space charge is expressed by
-J L._.!

t

• .. j
t-_, 1

!

:--!where V.

U71!

z?_t
i

_.5 t

g .......

i
i

Jo (_)
_-- "-0-

I
I
I

denotes the accelerating potential, always assuming that

i

i

! p.50
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i

The intensity Jo is transformed in accordance with

_o - k C z A z z
Jo

60 @----
foo

...... i
)

i
)

(65)

D
T

IO

I!

12

I)

15

](,

I= "

!,)

.20

21

25 -12(,
t

The analog potential must prove the equation

" • (66)

.100

if the density of the current Jo

yields, as the intensity:

assumes the value at saturation j,, wS_ich then

 o__ooc. a/ 1
9 d _ VI "

IOO

:o -.

Practical tests made on the problem of a plane diode have demonstrated

_ ithat it is useful to open the meshes of the network in the vicinity of the

_o iemitting cathode, in order to increase the accuracy. Thereafter, in the ex-

_ ipression (65) for the intensity Jo it is sufficient to replace the product

_-!C, Az_'_-_ by Cz_ Az_ 2+ CzsAz_, where the subscripts i and 3 designate the nodes

_ isurrounding the central node O. The network which actually is limited to one

.... !

3s _line, is divided into twenty-five meshes, where the nodes are designated, re-
_9

_0..

tl .

_6

i-T'

iS

-_9

50 _

52

spectively, by the following values of z/d: O; 0.005; O.O10; ... 0.025; 0.0375;

0.05; O.IO; ... 0.95 and 1. The electric resistances used are also selected

equal to 50 O; 125 O; and 500 O.

p.51
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/+.1.3 Solution Methods i

r

: • Since it is desired to obtain the configuration of the potential corre-
/.

-- _ond._'_ to the law of Child (eq. 66), it is necessary, in the solution by
_ °.

successive approximations, to supply the network with electric intensities

--_ corresponding to the saturation density J, and specifically to the cancelation
"1: .

--' of the gradient on the emitting surface. I
n

.... t

The Poissonian field Op satisfies the equation.... i

i

100

(68) with k - V,

j_ whereas the laplaci_u field OL obeys the classical equation: .A0L = 0

---%

............-Let_:;-i us assume that

._ .

i

I?= I

The analog potential _ , defined in this manner, also satisfies the

_'' _isson equation

,.._!

!-

i

I

•'_-_ An investigation of the function _ has the advantage of increasing the

,'.'_' accuracy in the Poissonian field. _ne limit conditions are reduced to an ap-

!

. _ _ plication of zero potential to the two electrodes (in the case in which the

L_-i initial velocity of the particles is zero). In each approximation, the cur-

_ rent intensities applied across high resistances (these latter are subjected
--|.

_27.2_....... . !_ _9-----1

(69)

p.52
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to" the_correction int_duced in Sectf.0n 3.4)_ obey the i_w (67). The _curves ......

:giving the evolution of the potential _p in each approximation (Charts IV, and

'" iIV,a) represent the numerical results of Table IV.

Consequently, the method yields an excellent convergence since the mean

deviation, with respect to the theoretical solution,

approximation, this mean deviation being defined by

I

is -0.28% at the fourth

denote, respectively, the experimental and theoretical values

(71)

(701

I

_:_.iwhere _i. and _Ti
T

_:.±..of the Poissonian potential at the node i.

___: Unfortunately, this method is not applicable to the case of the problem

2.z'_.',of revolution with electrodes of any shape , since it would be necessary to
i

_iknow the value of the saturation current density j,. Since this latter is an
l

-_ '_tmlmo_m of the problem, it becomes necessary to find an exper_enta2L process

-_: which will, in a satisfactory manner, impose the conditions = 0 on the

2-'_ emitter, test this process on the theoretical case of a plane diode in order

_' !to. ___ define its practical interest, and evaluate its accuracy.

_:i_..1.3.1 - First Method

:i .'__I _d.s method is based on solution of the equation:

• e- !

" "" i

I

_7



!

_ !where the applied curren-t-intensities obey- the law (65)_ _ch iatter--is-sub-

2' I

jected to the above-mentioned modification at the boundary of two different

.meshes.
F

In view of the fact that the parameter jo is assumed as being variable,

the determination of the saturation value j. of the emission density is done

experimentally. The principle of the method, based on measuring the intensity

_i discharged by the emitting electrode, is as follows:

-_ Assume that, to the Laplacian field, there corresponds _n intensity i_

--.ipositive by convention, with the analog currents directed toward increasing z

i
- _L there corresponds a negative in-

measured by a null method. From this,
i

--' _for the case of ionic propulsion.

.... Assume that, to the field _ = __p

--_._.'tensity _ which is sufficiently well

%_ the analog intensity ip is readily derived.

• . Since the cycle of approximations proceeds at a given Jo, it is suffi-
i

".'_._ cient tocalculate the ratio ip/i_, in % for each of the approximations and to
I ,

_" plot the curve which gives the evolution of this ratio (see Charts IV2, IVs,

_ i Ig4). To each value of the e_ssion density there corresponds a convergence

_i (denoted by its mean deviation ¢%) after the fourth approximation. The plot-

5'i....ting of the various results .in the fore of the curve (ips/i L - _p4/i,.) % as a

....function of ¢4% (Fig. 28), calculated to the fourth approximation, yields the

i

- deviation with respect to the theoretical solution, corresponding to a given

:-:-_ !gradient of the ratio :_/i_.% (gradient determined after the two last approx-

-t_:_imations). Tables V shows the results referring to a series of experiments
1

_ "_ made at J@ constant. Consequently, th_ curve plotted in Fig. 28 can be used
i

';- as a test for the case of the three-dimensional problem of axial symmetry, by

r "---

....taking notice of the fact that a gradient (ips/i,. - ip4/i,.), varying between

i
i
I



1.95%and 7.80%, corresp0nds to a convergence located between -l%and +l%of

the ideal, convergence.

This method, when applied to the theoretical case of the plane diode,

thus permits establishing the experimental value of _ leading to perfect con-

vergence. The obtained value, Jo =/+8.20 amp/m 2 , consequently differs by 1.7%

from the theoretical value of_ = _7.38 amp/m 2, obtained from the tube char-

acteristics. These are:

_/2
,'-o= e.sss74,o F'/,,,
d =lO-Zrn

Vs = IO4 V

c_ = 1,zo4oe_os _/S

i

in which case the electric particles selected are cesium ions whose charge and

mass are

e

m

]

/9
I, 6oz /o"

= 2, 21 I0 -zs

C

; Thls deviation of 1.7% from the value of the emission density, due
i

of app_i cation.
largely to the _e^oz currents s:_mulating the space charge (because, in prac-

tical use, only a single correction has been made on the high resistances; see

Section 3._), nevertheless produces only a minimal error (- 0.28%) for the po-

tential distribution obtM.ned after convergence of the lterative process.

I

.':-( i
I

--.--. -

I.... 52 ...... -!
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_.i.3.2 - Second Method

This second method is based on a direct solution of the following equa-

tion

- -°,

. _

_ !

A k (68)

d _.
In Section 2.2.2.1, we showed that, to impose the Conditions _ = 0 on

d_
'L:--the emitter (which is transformed into '--dz= 0), it is sufficient to allow the

"- inode O, which is an image of the ion source, to assume a potential which is

-perfectl_r defined from the characteristdcs of the network and from the inten-

_ " sitiee applied to each of the other nodes. After terminating the experiment,

--- the numerical results must" be translated to the scale 0 - I00.

'-! Since, however, the node i, being the closest to the emitter, is at the

same potential as the emitter, it becomes impossible to calculate the inten-

"-:- sity simulating the space charge at this node, because of the fact that - ac-

cording to eq. (65) - its value is infinite. To reduce this Lneonvenience

--,somewhat, it seems logical to correct the potential at this node i by "smooth-

....trig" the curve which gives the electric potential distribution in the vicinity
• . r

..... of the ion source. The smoothing adopted consists either in application of a

-- parabolic interpolation method, based on the known numerical results on the

..... _nodes O, 2, and 3 whenever possible (most frequent case) or based on applica-

:--I,tion of a graphical method. Solution of eq. (68) by such a process, tested

....!for various values of the current density ,I@, has proved l_gh],7 satisfactory.



a •

:.k; The advantage of this second analog method resides primarily in-the se- .....

lectlon of the parameter Jo ; no matter what the value of this parameter,-"sat-

_ uration" is obtained at the electrical network by imposing the condition

- d$
_- z O. Consequently, a value of _, different from that at saturation, can

be adopted, yielding an excellent agreement with the (66) after the fourth

__.approximation.
°-.

--- However, in order to reduce the analog potentials and thus also to re-

-- duce the extent of possible corrections made on the large resistances in the

_. simulation of space charge by electric currents, it is of interest to keep the

-. !value Jo smaller than J.. For example (Charts IVs and IVs, and Table VI), the

convergence obtained at an emission density equal to lO amp/m _ is excellent:

21:--_*O.16% mean deviation between the e_perlmental potential distribution and the

" theoretical law (66).

_'s

--'&.I.3.3 - ThirdMethod

t

i

The saturation also can be rigorously obtained in the case of the

--'s. ....

.°__,

I

I

• _'°. I

!

.;k_2
I

--one-dimensional problem, by reasoning on eq. (70):

L19=_ ke/, o

with _--" _p-- _L

d_.f_=
dn "dn dn

Consequently,

i

i

(70)

(69i

J
t

i

(721

L .6.



_ iSection $.1.3.1).

U

-.: Consequently,
-4

-i

I

{

_J The experimental solution of the Laplace equation leads to an intensity
..{

:.'ii (discharge of the emitting electrode) which is positive by convention (see

dn dz

_--- Thereafter, it is sufficient to adjust the value of the parameter J@ at

._ each approximation, in such a manner that the electric intensities applied to

the network and satisfying eq. (65), lead to a discharge of the emitting elec-

___ trode in such a manner that

-, 1

Then, in accordance with eq. (72), we have

!

In fact, the method permits a de-

?_-'

r

_!'.,

2.,I• _._

1
_ T'-"

J _

l

Probably,

h

this third method is best.

....c..termination of the potential distribution satisfying Child's law (66) and the

-_ value of the ion emission density at saturation.

-_ In. each approximation, the first step is to obtain approximately the sat,-
_: 1

",' 'uration in such a manner that the corrections made on the large resistances,
__J

_'-_-iused for application of the electric currents, will yield a verification

- "_-i of the condition i
'.

._..... I..... _5....... _ "--'.
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I
I

_I The experimental solution of the Laplace equation leads to an intensity

_._iI (discharge of the emitting electrode) which is positive by convention (see

Section _.I.3.1).

_= Consequently,

i the network and satisfying eq.

_ :trode in such a manner that

iL- d__L_ = dJ__L
d# dz

Thereafter, it is sufficient to adjust the value of the parameter J@ at

each approximation, in such a manner that the electric intensities applied to
i

(65), lead to a discharge of the emitting elec-

_; j

_._

31

.-.-2

I

t

(7s)
dn

! Them, in accordance with eq. (72), we have

I
i

' iv- o
Wn

1 ii

...,_i-i___ Probably, this third method is.best. In fact, the method permits a d_

::::termination of the.potential dist_bution.satisfying Child's law (66) and the

,&-!value of the ion emission d_sity at saturation.
! J

-'.-:'_ In each approximation, the first st_ is to obtain approximately the sat-

....iuration in such a manner that the corrections made on the large resistances,

__i i
¢1 :

L'--iused for app_cation of the electric currents, will yield a verification

i

_:2_-!ofthe condition I

/57
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_ This method, tested on the problem of a plane diode, made it possible to

'-- define the value of the emission density J, (_7.38 a_p/m 2 ) and to obtain a

- voltage distribution which closely appr?aches the law (66), the mean deviation

--being equal to -0.10%.

/- Table VII whows the evolution of the quantities J@ and ¢%. It seems

---. that, after the second approximation, the function _ satisfies in an accept-

ablemanner (¢% ffi-1.32) eq. (66). i!

r 1
--'--J The experimental results shown in Table VIII and Charts IVe

"_-_prove that convergence is rapidly obtained, with the parameter J,

'_--_oretical law (66) being excellently verified.

...---_.2 - Application of the Various Methods to the Revolution Problem

and IV6,,

and the the-

---- In this study, the electric particles are assumed to have no initial ve-

_ locity. The fact that the emitter has a spherical shape, permits giving a

:--satisfactory orientation to the ion trajectories by having them converge toward
...... i

--%the axis of the propulsor in the case ir}_ which the space charge is neglected.

"-;The configuration of the two other electrodes, reproduced in Fig. 29, is suffi-:

_....iciently close to that given in the literature (Bibl. _).

The electrical resistances of the. network, measured to within 0.5%, have

_values ranging between 30 ohm and 300 KO. The method of true values, combined

:L_with that of hollow cylinders (see Appendix I), is applied to the vicinity of

r _, !

"'---',the propulsor axis. Conversely, beyond the limiting radius rl, the i

!0



I
'finite-difference method is entirely sufficient (-Table-i)_--
l

_._ The geometric characteristics of the iorL gun (Fig. 29) are readily ob-

j_tained at the network, taking the adopted cutting into consideration:

J :

! .....

t

29
i

3 2:__.!

i

a; !

2s = io-z m

--2. The other data (mass and charge of the ions, absolute permittivity in
J

vacuo, accelerating potential) are identical to those given in Section /_.1.3.

.__%.2.1 - Laplacets Field !

--i I

2 : ' The limit conditions of the Dirichlet type are as follows for the three

_,J-! I
•-_.. electrodes:

• I
!

r

t

As soon as the Laplacian field *L (Field I) is obtained, solution of

--I i

__'A_ = 0 is immediate. Figure 30 gives the distribution of equipotentials in a

-Jmeridian semi-plane. The exploitation of this field by the computation center

__'leads to the network of trajectories shown in Fig. 31, after a parabolic extra--

,._--!polation (see Section 2.2.1) made with extreme_ c_re so that the partial deriv-

_ilatives _r and _ are continuous in the' vicinity of the three electrodes (aA_d,

':r_ .__| r

trajectories converge quite strongly-_specifically, near the emitter). These I

--itoward the axis of the propulsor.

_-- Some of these even intersect near Ithe exit from the gun. The calculation

!



. +

_ L--+ i

- -..

_,._..

t
I

f

t,.__

-. 1............................ . ............. :.-, ...................................................
.....?of the space charge, In accordance wlth the method described in the first
-- j

Chapter, obviously is no longer valid after intersection of the trajectories.

+

_.2.2- Poisson's Field

F_l_tion (/_l) of the dimensionless quantity _Pi/Jo becomes

i

. ,i,oo(,+,;:)+
2Rh o _! /oo_ @d. (4,1)'

_---.. The number of trajectories used for calculating the space charge, in the
f

'entire domain occupied by the ions, is qual to twenty for a meridian-plane.o , ,.

I

2+, !trajectory.
I

27

!_.2.2.1 - First Method t

i

_:L The values of the parameter he (Fig. 6)are reproduced in Table IX for each

= 0 since the de----_'__ The limit conditions satisfy the equality w,

_ 'rived equation has the following form:.... J

-- I__

___J

¢-._

A @_--- k_/_o (70) with k -- lO0.

i

The wiring diagram in Fig. 32 gives the principle of the method, based on

LL-!measuring the current density discharge_ by the emitting electrode.

4'.l._._ TWo stabilized feeder lines, connected in series, furnish the reference

_voltages of +i00 and -lO0. The center point of the Wheatstone bridge is con-
___J

-"___nected to one of the terminals of the cpmmutator J. The variable resistanceS,;

l



T
!

iw-_ch permits meisuz-ingt---he-intensity _- penetrat-_g into-ihe _tt_ eiec-- -i

7-! trode, is connected betwe_u this latter and the analog reference -i00. A der -!

ivation makes it possible to approach the second terminal of the comnutator J. _
"- !

_: The current intensities i@, simulating the space charge, are aoplied by the

T
-method of high resistances, with the focalizing and accelerating electrodes

-_being charged to the potentials or = _. = O. The operation is done in the fol-

lowing manner: The galvanometer G is connected bet-,_en ground and con_nutator,
i

_ with the latter being placed in position (1); the power feed control is recti-

_ _fied in such a manner that the pointer of the galvanometer no longer deviates,

L--!which permits application of the potential 0 at the center point of the Wheat-
i

i_---istonebridge; the commutator is placed in position (2) and provides the junc-

o.. tion between the output terminal of the galvanometer and the emitting electrodc.

f

_ _It then is sufficient to trigger the resistance _in such a fashion as to apply

_,V_.the potential 0 to this electrode, which results in zero current in the galva-

_-_ nometer.

3:__: l repetition of the above-described manipulation permits a verification

"___:-=ofthe control and a check on the satisfactory value of the resistance _

J "-i In addition, it should be mentioned that the quotient meter V 3_ A, used

-_-for obt_ the potential readings, is highly suitable for replacing the
t

i

_;--above-mentioned Wheatstone bridge and galvanometer (Fig. 33). The measure-

__ ments show perfect agreement between the intensities obtained by means of the

ttwo processes.o___,

t

• • °--i

---1

The results of each approximation are given in Table X.

shows the evolution of the ratio iF/i:% !

amp/m s . The corresponding gradient (ip_

*O.21% of the distribution at saturation, in accordance with the curve in

i ..........

The Chart IVy

for an emission density equal to 15

/i,.-ip4/iL)% yields a convergence at

/61
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r_

L ..........

Fig. 28 which is taken as reference point. The cycle of approximations, re-

peated for several values of j@, made it possible to enrphasize the lower and

upper limits of this parameter that are able to yield a satisfactory conver-

gence. The interval of I_ amn/m 2 to 17 amp/m 2 which is much shorter than in

the one-dimensional case, obviously is a function of the resistances of the

network. Ho-_ver, it is understood that the numerical _lues given to the

emission density Jo depend on the geometric and electric characteristics of

the gun. If, for technical reasons (maximum electric field not to be exceeded,

- different nature of the ions), the values of the accelerating potential V, or

of the mass of electric corpuscles have undergone a change, it would be suffi-

cient to multiply the value of Jo by a readily determinable coefficient, in
- . !

- such a manner as to obtain, at the network, the same configuration of the

4_ Poissonian field. Figures 34 and 35, respectively, give the distribution of

the equipotential lines and trajectories, corresponding to the fourth approxi-

r "-_--i

_ _ marion, for a density jo equal to 15 amp/m s • A comparison of these trajecto-

ries with those in Fig. 31 readily demonstrates the effect of the space c.harge

_-L--mentioned (see Section 1.1). The beam, obtained on the basis of the focalizing

land accelerating electrode dimensions in Fig. 29, consequently has the desired

_ qualities (see Introduction).

_.2.2.2 - Second Method

"-- _ The working procedure described in Section 2.2.2.2 involves a difficulty

'which had already been encountered in the case of the plane diode. However,
: ._ ' i

instead of a mesh (the first) traversed by a zero current (the emitting elec-

..... trode does not discharge), it is now a question of several successive nodes

....!which have the same potential. Everything proceeds as though the surface of

/62
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" !_the emitter had undergone a "translation" toward increasing z. The extent of

i tMs "translation" varies in the same sense as the cutting step, in the ,v4_cin-
I

_ ity of the electrode. The decrease in the length of the meshes, in this por-

_LL!tion of the field, thus has a favorable effect despite the fact that it re-

_: suits in an increase in the number of nodes charged to the same potential.

. In practical application, the field, in the domain under consideration,

--d__
J

;:7

"2. T-

is modified in accordance with a parabolic extrapolation method described

above (see Section 2.2.1). This transformation, which is rather difficult to

_!_.2realize because of the number of nodes involved, requires special care in or-

8_ 8_
der to er_ure the continuity of the quantities _, _r,and _z"

: !

The calculations made at constant ion emission density, equal to

15 amp/m _ , yields a rather satisfacto_ convergence. However, it is quite

possible that a fifth approximation _uJ.d be desirable in order to perfect the

convergence of the iterative process.

Charts IVe, IVg, IV1o and IV11 give the distribution of the analog poten-

tial _ at the first, second, third, and fourth approximations. Figure 36 fur-

_-nishes a good illustration of the modifications suffered by certain equipoten-

tial lines during the various approximations.

t

• .°

The Charts IV_ and IV:s give plottings of the trajectory beams, with

respect to the first and fourth approximation.

i

V I_.2.2.3 - Third Method i

A generalization to the probl_ Of revolution of the method described in

°'-_Section $.1.3.3 involves a difficulty, _roduced by the representation of the
•

_ "'-iemitting boundary. I
_°-_ I

;"_ The condition of cancellation of the electric field on the electrode F,

i

_.. I_-61 ......i
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from which the ions are emitted, is written as follows:

i

fr d_;...____po's = o
.... dn

l

- ,r ,

°---i

: where s denotes the curvilinear abscissa along the contour F.

In this case, eq. (72) becomes

Jr, dn

[

I

i
!

(72)'

• [

i

X

L

In practical work, the discharge of the emitting electrode is. measured

_:: during solution of the equation _, = 0 at the electric network. Let us de-

__ note this discharge by i,.

r----.

,.__:' Then, the value of the parameter ,J" is so adjusted that the discharge _

.:-.:._: of the emitter satisfies the condition

[_,= - ':, (73)

_='*P/_° (7o)

l; = o

*----,

• ___j

:;' !_.: when deriving eq. (70) :

• .-..-- :
• "-'--4

:."_ __From this it follows that

A. __!

- --1

Z_



L •
g t

__ ! ...... Thus_ eq.- (72) _ iS-satisfied--in an---Approximate-but-sufficient-manner. ........

.3'The discharges measured at the electrical network are given in Table XI.

_"7_ Since the saturation results in _ rather severe limit condition, the par-

_ _ :
i__ tial derivatives _ and _ are weak in the vicinity of the emitting electrode.

i._To obtain continuous quantities _, Br' _ in this domain, a parabolic ex-

i_i _ trapolation is made from the values obtained at the electrical network.

__."," On Charts IVis and IV14 are plotted the trajectory networks relative to

_-_i the second and third approximations, i

".-_2 Charts IV*e, IV,7, IVI_, and IVl9 give the potential distribution _, cre"

"}-, ated by the space charge, over various approxim_tions.
I

;17' Figures 37 and 38 contain the equipotential curves _ and the trajectories

;L_;-i corresponding to the fourth approxa._tlon.. The ion emission density, obtained

_ _by this iterative process (J_ = 15.25 amp/m _) is close to that obtained by the

..... i ....

,'-.)___!method No. i. It is quite possible-also, th-a-t-i-n-this case, a supplementary

....i

2;!_,approximation would have yielded a further perfection of the convergence.

3<-__ Figures 39 and _0 emphasize the influence of the space charge on the dis-

"= tribution of equipotential lines and on the shape of the trajectories. The

3 ).__ two effects of the space charge, showd_ng in an increase of the aperture angle

3_ of the beam (Fig. _0) and the creation of _.n axial electric field E_, opposed

-.,;to the accelerating field (Fig. 39) are clearly visible.

The values of the potential _, satisfying Poisson's equation and corre-

"" sponding to the fourth approximation, are given in a. Table (Field II).

~

452-
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L, CHAPTER V

J....

_._ ESTIMATION OF ERRORS

_ The analogies are divided into two large categories : functional analogies

' !and topological analogies. Certain types of errors are .con_nonto all: nota-

]"7-!tion, reading, auxiliary calculations. The topological analogies, with which

Z.i!.-_thepresent study is concerned, may also lead to certain errors of representa-.

L_-....tion of the domain: material limitatio for the case that this domain is theo-

i

27__retically infinite; cutting errors which concern the entire useful space in the

<-_ case of networks and uniquely the limit !conditions in the case of rheoelectric

r, r_

__.'_.analogies. Let us successively investigate the various error sources.

2_

"- T i

5.1 Errors Linked to the Network

5.1.1 Cuttin_ Errors

The Poisson equation

4__

.__;in which the partial derivatives are replaced by finite differences, will

_-:yleld, at each node of the network, i
,'L: 1
--J j:4.

,, Zo+s;: o
I

(68)!

/66
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I

• ...... ;____

,where Re" denotes the error due to the introduction of finite differences and

expressed inform of a series of terms which are functions of the derivatives

_['of _, of a more or less elevated order. Thus, in the case of a regular mes.hirg:

having a step Az and Ar, eq.(7A) will be written as follows:

.... !

Let us also assume that

A¢o+ io + _rzI
_rara g r

!

since Or-- _r (16) and C Z= _f arZ

(17)
-77-;

° .

::' --- l '. \i)r4)o \_z4 )oJ

.... Consequently, the error Re" Lis expressed in the form of .......

teee _ O

I

in the case of a cutting (Fig.Al), in such a manner that

Arz = A_ 4 = ar

Az s .-6zt= A__Kz
2 Z

.... ;Similarly,

/C, =C o Arr
Az

4Ar

Cs = 2¢o6r r
Az

-.__ the formulas (53) become

',

o (7_)

46r

l

...... _5 .... !

i

(76)

(77)

(7_):

(?9);
!

!

/'68
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I

-LiE-qL_a-tion (7A) is transformed in acc-ord-ance--with....

?---_ 3 Co.rArAzL_@o+i.o + Cor ArAz_Az(_S_. Ar'(B
:LI T -7- t \ q 7- /oj

" 4-CorArAz Azz +

i .

__] _.o=3Cor Ar azke __th

:.,'__,! 4_ o

--, }

..... a result which agrees ,,,d.th eq.(5/,).
ql, ;

2_- '2.2 tAnd
.o

2/

I

i

..... --O

A comparison with Poisson's equation (68) yields

J

i

(8o)_

4 2 ._4

-6L r \_')o \_Jo J _ L7 \_z% \_r-/;J
t

• I

In this investigation, the error Re" always is of the t.hi_d order. The

!use of very small meshes permits a reduction of this error to very low propor-

3.;I
__,tions. The test, which consists in studying - in the portion of the network

___lwhich has no electrodes - the potential distribution in a cylindrical coaxial

__ capacitor, has made it possible to detect errors of less than 0.I_ at each

--inode (in which ease the method of true resistances replaces the method of fi-

":L-I i
__.'nite differences in the vicinity of the axis) despite the fact that the resist-

...iances of the network are posted at 0.5_.
• r, 1 I

----4 On solving the system of N equations (T&) where Re" = O has been set (N
L 'i'_2 1 ,

_being the total number of nodes), by means of a network of conductances, the

" ___]_O_lu_shi_Q_ns-_o_appear_in the form of _e_!ectr!_c._voltage_s,__In .fact_ the__cc_uracy___
i

• t-_66 ....l --_

l
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-'inumber of necessary nodes or by the accuracy of the resistances used than by

: :the difficulties which may occur in application of the limit conditions. %'_aere-
i

:. as, in an electrolytic tank or on a paper conductor, the contours where these

_-conditions must be satisfied at each point can be represented in a continuous
, i

-.]_i;fashion,the reproduction of a bov_ndary at the network can be done only approx-

" !imately by means of a finite series of points, which in itself already reduces

["the accuracy. In addition, the Poisson equation (eq.68), expressed in the
i

3 .-iform of finite differences, is satisfied in the vicinity of an electrode only

?S iwith a certain error P_" (Fig.&2):
b..,

. .z.!

25_c

.....__!where

- -7--i

i

--]_

q2 '

i
-;W5
J _ J

Ar _,

az = A4 ar _
2Br _

b, = ar:+ a_ a.+ a:
• 4r

and where the conductances ending at the node O, are expressed as follows:
,4--' 1

• -.- Coarr
v-. AZ_

':---_ 2Ar 2 /

_,--I c_ = co a-Z-r.r
"_-! Az_

(83)

I

(8_.)i

t
1

I
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i The error 19o", which is of the first order, has only a minor influence on
/ ,

-.the distribution of equipotential lines in the entire domain. In fact, to vet-

__ ify this, it is sufficient to treat the problem without space charge in the

.__!revolution tank (Bibl.15). The tank, having a plane and sloping bottom, repre-

isents a sector comprised between two meridian planes of which one corresponds i

___to the bottom of the cell and the other: to the free surface. The edge of the

"-iliquid dihedron thus forms the image of the axis of revolution oz.

" i Since the sloping of the bottom is',relatively slight (20%), the electrode
J

""--!models are cylindrical and have vertic_ generatrices; the contour of the right

Isection of the cylinder reproduces the form of the meridian contour of the e- '.- :-3 i

..... __ :leatrode_Fig.&3).--The reading of-the potential, -made-at-ghe free_surface of----:....

.the electrolyte (city water) by immersing the probe only slightly, is rapidly

:obtained by means of an automatic tracer of equipotential lines (Fig.AA),
.--T--" ,, !

:

-_developed by J•Besson (Bibl.17) and M.Langlois (Bibl.18). The agreement be-

_:tween the I._placien fields (one and the other being, respectively, simulated at

"the network and in the revolution tank is very good in the ,_._._j__- of the e-

2 _ectrodes "

• _. 5.1.2 Errors of Material Limitation

....I The presence of walls introduces an error which is extremely difficult to

....iev_dmate. An electric cut will lead to !a limitation of the domain and, in ad-

...._dition, play the role of a mirror with _espect to the equipotential lines• On
, '.° j

_this subject, the revolution tank yields valuable data. A careful selection of

CLt I

" .._!the..dimensions _of _tha models. _±akin_ the. dimensions, of-the inclined. ,tank into ......'
I

--"

t



a" _ •

J

I

-[66-nsideration (1.50 m _ ]-.50--m),-permit's -an enla-rgemeit- of -the d6_n--_n-d6r ....:"
t

._ _study and, consequently, an experimental definition of the error produced by
: I

.V.the limitation of the electric network.i The considerable distance of the cell

r

; _iwall with respect to the exit of the ion gun (Fig.b_) almost completely elimi-
I

_- nares all possible trouble in this zone The four experiments made (Fig.&5)

,_-_ia-b-c-d lead to the following results:

]_"- a) .The configuration studied in the tank exactly simulates the domain de-

|

?_-_fined at the network (Fig.AS). The agreement between the two Laplacien fields

"_7-_.'isexcellent. I

, I
" .° i

_- b) Elimination of the insulator B cads to only a minor change in the

• !

L-_,slope of the equipotential lines at the exit from the gun. This important re-

_3 I I

--,suit makes it possible to define the erlor committed by the limitation in this
"_L'! region _

_-_"" c) After re-introducing the insulator B, the insulator A is removed
,-. j

i i

2."--5(Fig.A3 and AA). This operation introduces no noticeable trouble into the
i

_; field. This is most likely due to the parallelism of the equlpotential lines

21;---lwiththe two focusing and accelerating electrodes in the domain of interest.
_'! i

-_:*--i d) Elimination of the two insulators A and B results in a noticeable dis-
, i

Z_'___turbance of the field at the exit from _he electrostatic propulsor (see the

_.: I

;:. .inetwork of curves on the graph of Fig._). This case, which is of a purely in-

"--_'structive., nature, corresponds to no physical reality in view of the fact that
! 1 t.

:_the real domain is necessarily limited in the region of the insulator A. This I

:+._--]perturbation obviously will only occur the electric currents, flowing in th

_$_2electrolytes, are allowed to surround t e accelerating electrode. I
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5-1.3 Electric Errors i

/

_?t.is denomination is reserved exclusively to errors produced by the meas-

. _uring methods used. Thanks to the quotient meter V-3A A, with which potential

ireadings to within I/i0,000 are obtained, the error becomes insignificant with
""-LL. ' i

_.respect to the approximation of the principle which entrains the systematic use
u..

i.i_ioflarge resistances and which has been !described in Section 3.4.

_._f i

_...._ 5.!.A Errors of Quantification

_" _ I

L---i Instead of varying in a continuous Imanner, the large resistances are real-

_5.._ized in the form of contactors giving about one hundred different values,

.".ranging from 105 fl to 10 "7 _'1, which leads to the introduction of a quantifica-

.... ._ tion error_ ................ _

-",-i Values lower than i0_ _ are posted'by connecting the resistances in paral- _.3

___lel. If, conversely, certain nodes must be fed by resistances higher than

-c-i107 ob_, these can be neglected without appreciable error in measurements in
j? :

__ which the entity of the domain, traversed by the ions, is also traversed by
° _____

_sufflcient intensities.

--_ All these errors, except for the error of material limitation of the field,

__.are encountered in the investigation of'. the one-d_ensional problem. The con-

__ivergence obtained by the method described in Section 4.1.3 shows a deviation of.
:.....! i

....i-0.28% between the experimental and theoretical fields (the large resistances
; Z

°---_ I

__ibeing corrected in accordance with the process described in Section 3.4). It

---1therefore seems pe_ssible to estimate r the overall error, due to the use of
. f,

f

. --ian electric network, as being less than: 1%.

;.......... • L ...... 70 .... i .....
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5.2 Errors Due to Computation on Digital Computers

The Runge-Kutta integration method which requires knowledge, at a given
7 ....

point of the domain under consideration, of the quantities r, z, r w, and r", .

'introduces only an insignificant error if the field _ as well as its partial

_ derivatives-- and--are perfectly continuous. For pro_d.ng this, it is
2 _r _z

_ _: sufficient to assume the particularly simple case of a uniform field created

....by two plane-parallel electrodes E and E I, spaced at a distance of d and
]'; !

..__.ibrought to the respective potentials V, and 0 (Fig._6). The voltage distribu-

.. _tion obeys the linear law
f.

!

_ i

I )

._

2"/ :

'_J. :

_.]

! - t

i

.) J__l

1

V =!
(85)

t

__where the Cartesian coordinates x and y are assumed, respectively,

the direction of the normal and of the itangent to the electrode E.

---_ Let us assume an electron of the characteristics m and -e, issuing from /7_-_ ,

--! the origin O at an initial velocity Uo.

' The fundamental eauation of dynamics (eq.8). when applied to this patti-

as being in

ele, will yield

_V_ V.
_ = -l- e e "_'

_x d

- oI ,r, dz_m dZy

0¢_. Z ..

I
I

An integration of the system of equations

I mx eVstz
2d

_ my, Cg +lP
t

(86)

(86) will result in

At+B

(s7-) _
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" .L..J

J

r,

•- T

I

I
L__.

l

1a¢.= o :B .D o

, _x £ d_

\dt )o \dt/o

From this it follows that

C

A z+Cz= Uoz
[11 z

"A = V/I+ (#___
\dz 1o

dl ÷ (rig ,_z
V \d_ )o

I

An elimination of the time between the equations (87) will yield the
I

....Cartesian_ equation, of'_-the-trajectory:

-- " i

I

_._'-. z=ay'+ by
--|

(88)

i

: by assuming that

I

.

.... [

I

I
L _

!

J-- _1

" Vla = _ _ - k-z_loa.

2mJ Uo \'-d--X]o

b = l

"
The variation in the coordinates, _efined by

X= + X
4

- g_.+ Y .
1

_ --72--- 3

(90)

. i

i
i
I
I

1

I
!

I

(91)!



b

!

i 'shows t_hat the theoretical trajectory is a paraboia_: - .................................!

X = a y z (v2)
;-[ i

.. :place, respectively, r and z, is written as follows:

Equation (ii) which is valid in Cartesian coordinates where y and x re-

-.

- 5:-~
--, a

dx a

2e

(93)

_J

_. :,

I

Figure _6 shows various theoretical trajectories merged with their homo-

_..:logs, obtained by an exploitation of the uniform field on the Gamma AET com-

_----"puter" The parabola cuts the y-axis at' a certain ordinate point Yl . Solution

....by _gi_-comput_rs-_elds an error defined-by- IAYxI .-- Table nl--_shes _ --

.=_ series of results, corresponding to a given value of _ and to entrance •

__2angles to the field, varying from i_ to iO° . It thus seems that the errors

i t

-_due to the mode of calculation on digital computers are negligible.

5-3 Errors Introduced by the Method of Calculatin_ the Space Charge

current

Let us use the_tube of l_.g.6. Then, the relation (23), derived in Section

. ."2"--

1.5, is valid over the entire surface _.'of elementary volume V-

&

• ._

• --]
I

_I_!
--[ ...........................

pU. nJ_'=o

-............ !....?3 ----!.

+

I

(23)i

i

t
i
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i

-i This equation (23) is then transformed into

. .-_ ___
--2 --.,

e(_)uCP,-),,._5÷ (_)uCe_)h
JJ_'_ !

otO'_ ¸ ---0
(23)'

Let us denote these two integrals by -Ji (PJ) and Ji+l (Pz)"

Let us assume that V is the electric potential at a point P of the sec-
J J

; tor Zi (Fig.AT). ,

-.. By hypothesis, the electrode (E) emits ions, having the characteristics m

_and+e, without initial velocity.

-:L Consequently:

..... f z

_ 7" _ =e (v,_vs)

2..21_ ..... The-tntegral-J{-(Pj)-ean then be written as follows:-

z

I

(%)

/'_--i In the method, discussed in Section 1.5, the calculation of the integral
• !

. :J_ was based on the hypothesis of uniformity of the fields U (Pj) and p(Pj) in

"._ the sector Z i.

: From t.his it follows that

(95

--.l

• l

--_.~ .... ____.

.12eC___J /_
',

!"...._7-L.....-;- -"
....... J
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_ . Let us assume that

-...o

- - t

_ j'i

n .

.._.

- .; i

"2..i "

°..

i

t

_2, _ ,

"'._2._:
i

i

s_ ....
..s°_,_

L ..... ! ....... '

z _'('

Since doj

_JEI

,,mAZ
f #fe')

+tr e_CM"he/

,_th i

HOW_VeI', "

" 2Nrjdrj, it follows that

. o

I00

(96)

.z#_,;,

8_ = 9 - %1

l

(98)

.?,

Consequently,

. _°

andl o( _

+2

::_'where the integrals K:, K_, and Ks

-"..? ,

, :-- 1,,_._

.........

I

i----75

dr dr z

expressed by&z'e

(99)

(lO0) !
l

_°
t
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[ ..... : .....

-_'where _ = i, 2, and 3-

" Since

I0

J

e (Mi)Vl ÷ :z
1

The error committed in calculatin_ the space charge can therefore be

.... written as follows :

E_'_- z K,_ @_ + eKz d'p(#_) K3 -_?-z-vc,,

N e(M,")
--.--! i

--- t

-_'while denoting by _ the coefficient

! .....

J

..11oo- r("/- '
/.

(lO2)

Two examples are given, with the Current tube defined by the trajectories

--q

._--'9 and 11 in the case of the Laplacien #ield (three-dimensional problem of axi-

_l symmetry). In the sectors z = lO_ (Table XIII) and z = 2_r (Table XIV),
q

--'several intermediary trajectories are considered for calculating the inte&T,als
-c.: . !

a_.p..,xlma,.lonmade___I K_. The numerical results demonstrate the validity of the _ _ "_ +"

---! in the determination of the space charge by the method described in Section

ffp
. :1.5, where the quantity-- evolves rather slowly in the sector z = lOAr (the

i' :__. --_0

--imost frequent case) and much more rapidly in the sector which is c? _ser to the

/--: emitter.
'-_ i

•,;-i In summation, this a priori study !of the accuracy, supported by several

L,3 :: calculations in specific cases, leads tol differentiation of two predominant

I
.,i--:errors: The •first error, due to the principle of high resistances, is readily

i

: ..... I .76 l ....
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I

l

.ireduced _t-oa lower order--if-the posted intensities are ,,corrected _,[(see-S_ec - --

_: ition 3-/,); the second error, acting on the determination of the trajectories

"_:and thus also on the calculation of the space charge, is due to the continuity

:, of the field and of its partial, derivatives _--_ and _t_ The importance of the
_r _z

.__parabolic extrapolation, described in Section 2.2.1, is thus proved by its in-

cidence on automatic auxiliary computations (digital computer) and numerical.

- calculations (space charge).

_ By reducing the three preponderant errors, it seems logical, to est"hate
t

,.'_the overall error as being i to 2%.

__J

;5
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7
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_T CONCLUSION

4.

f

L ............

......... I

The combination of an electrical network with digital computers, for in-

.ivestigating a configuration of focusing and accelerating electrodes adapted to

.__:an ion generator, permits solution of Poissonls equation AV = - p/q_ which

....links the electric potential to the space charge in an ion propulsor.

-- The trajectories corresponding to the card of potentials read on the net-

.:_.work, at a finite number of points, are determined by means of the Runge-Kutta

--._

....fourth-order integration method, adaptecl for digital computers.
--. I

_:-i The cutting of the ion beam into a' certain number of elementary current

--.,tubes permits a step-by-step calculation of the space charge. This charge is

-.-._s:Lmulated by injecting current into each node of a network composed of pure re"

_' sistances, ....

"-%1

' The solution of .Poissonts equation by this iterative method leads to a

_._!satisfactory convergence after the fourth approximation.
-'-C_

.... The potential distribution, satisfying the condition of cancellation of
"7"

_: the electric field at the surface of the emitter, is obtained by three methods
-=-: i
__._tested for the theoretical case of a plane diode. The results show that the

" F I

--_ion beam has the desired optical qualities.

The potential distribution, satisfyi.ng Laplacets equation, is readily ob-
I "-'

..... i tM.ned in an electrolytic tank, regardless of the shape of the electrodes used

_or of the voltages applied. Its study in the vicinity of the axis, which can
• -_ 1

-.;be reduced to a one-dimensional problem_j will lead, at the end of a cycle of

I

.:-_approximations, to a configuration of the potential quite far from reality. .

I ,
5:-]Actually, experiments were made on an electric, network, based on values of the li

--_analog potential _L.on the axis- of the -propulsor, (Field -I-and-Fig.&9 ) and .......

;........... !....... 78 ...... i



__ibased--onthe-space- Cha_gge_calc1_ate(i-in -the-eieme-n_.-s_j t.tlb-e- (D'O, as shown in

_.iFig.ASs, by assimilating the equipotent'ial surfaces to orthogoual planes at

_the axis OZ° These experiments are based on the rather rough hypothesis which

-,-:transforms Fig.ASs into Fig._8b. Such an approximation, which replaces the

- - i

,function p(variable in the plane z = z. and canceled outside of the ion beam)
, 1

. _--5 I

-_.,by a constant Pi will lead to a potential, distribution on the axis, after con-

vergence of the iterative process, which is clearly different from that obtain-

....'_ied in the Field II. Consequently, it is rather difficult to draw definite
i

i !conclusions on the basis of a single distribution of the Laplacian potential

-'--_-.:_ on the axis of revolution of the system.

T. 1
"--a._. However, an investigation of the equipotential lines, of the current

! i
• _'-'_

" :--4 lines, and specifically of the trajectories obtained either in the electrolytic
__j 0

25__]tank or by one of the methods discussed in the Introduction, yields useful in-

2_- I d.icatior_ on the form of the final beam. The influence of the space charge,

_'D .

"-:_-!using the shape of the electrodes show_, in Fig.29 and the resultant potential ,
.... i 1

3-_-i distribution on the axis (Fig.A9), leads to a widening of the beam (at conver- _

•-.----; !

--_ gence) to the "_ _-rloh_ of the exit electrode of the ion gun, equal to 2.09" times ;

_ . i ° i

"_-i that corresponding to the Laplacian fleld; obviously, the maximum broadening of

.-2-q

:--.; the beam takes place after the first approximation (for the methods No.2. and
,

2 __:No.3), characterized by the coefficient 2.58.

i
'=-; Since the space charge results in an increase of the angle of aperture of

...._the beam, it is necessary that the trajectories which had been calculated by
___:

_-'--'neglecting this charge, converge stro._ly toward the axis of revolution of the

:_--I I

....;vacuum tube, which a priori excludes any emitting surface whose concavity is
---] i

I/"--inot directed toward positive z.

5]_! The described analog calculation method may be readily generalized no i
| . .

I
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.. matter What-the geometric-and_-eiectric-charact_eristics-of the propulsor-and-no-

_. :matter what the initial conditions imposed on the electric particles might be.
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APPENDIX I

METHOD OF TRUE RESISTANCES AND HOLLOW CYLI}8)ER

Using the denotations by J.Miroux (Bibl. 8), Fig. 50 shows a notch cut

_.__bytwo meridian planes in a cylinder, as well as a portion of the network (re-

_, sistances arranged in accordance with tie radius vector).
_",

_ By definition, the true value R, Of a resistance RT corresponds to the
" I

.....integration of a corona having a thickness dr:
_..o i

.... l

-:'--" f " dr *
-_ R i Lo9 ('.

v,.,.-/
I

: For a regular meshing, we have

-::-_ Rv" I io9 n
X.3 i

---I

__, The resistance R, is infinite. A priori, it seems that the difficulty
• I 1

.__actually increases. Nevertheless, it is obvious (eq. 8) that R, is the only
• I

_ iv_l.ue which, at each node, would give the exact distribution of voltages and

.... i

__!currents at permanent regime.
! .

In view of the fact that the investigations require a satisfactory accu-
"r I : z !

]racy in the vicinity of the axis, use of the artifice of the hollow cylinder
+ ,_.j _ ,

__(the" cylinder having along its axis a void space of very small radius ro) per-
:I i i

" --!mitsgiving a_finite _alue_to__he resistances R_ (as in_the case of the

.............. ______Bl .....1

(_o3)i



'-iflnite-difference method) as well as to the resistances located along the

pseudo-axis which will then be equal to

i

.+. Rz -. Az z
I

+

I

We adopted this artifice and therefore had to determine the value of the
--+

.+

radius ro. This quantity, by using the method of true values, makes it possi-
2. ) ;

ble to define the values of resistances coinciding with those obtained by the

--.',

ifinite-difference method from a certaiu previously selected radius r_.

I

- To do this, let us assume a hollow cylinder of ravolution (Fig. 51) of
- =++:" i

infinite length, composed of two armatures defined by the radii ro and rz and

" _+i

_charged, respectively, to the analog potentials of *I00 and O. If Z denotes
_ ,

.... .' the .length_of the cylinder.and_Q its- charge, the potential distr&bution at-a --

Idistance r from the axis will obey the

--4 "

C . '

-..-i

__ _with

• +7_"

.'+_.

__.tLet us assume that

"++ .__.

• , +

.,' "- i

_ 2"+1

_+___ifromwhich it follows that

I.

;_.'.._.j

/oo__,f,-)_-

ro

.... o .......

law

2. Q Lo,,q r

' ='o

/00-

- !

r r = loLIr"
}

= _O _ r with

2Q Loq m
_o_ 4

I----82---3

.0< ko._ 1

(lO5)

i

t

l

Z_
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!

i

:.-i_-q_tion (iO5) is transfo-rm-ed- _-accordance _th- ......................................

-- I °

,, Ioo__(r)=_I°° Zo9_r i
- zo_ Io (lO5)'

I
Two different methods for calculating ro can be applied here.

Numerical Method:

.q:_ The conductances C. are obtained by giving to r values equal to multiples
°'* --_ 1 i

,-__ of the meshing At, except for the first line where r = k@ Ar [ for the second

___ line• r = At, ... ; for the n th line, r = (n-l)Ar]. Conversely, the conduc-

..:_ ' tances Cr are calculated by means of the finite-difference method, taking the

2-;_--!center (see Fig. 50) of each mesh into t!c°nsiderati°n (for Rl, r = _Ar ; for Pro,

.... ( np)-_ = _r -_... ; fo_ • r• =" i
h.--__ i !

.....J Since all conductances are defined to within a factor B, all computations

• ._:-. and experiments are made with
.• :_j

-:,-,

I
i

,,:--2

2 J

___1

S__. i

I

i

-4

1

When applying the finite-difference method after the axis (r = O), the

--; resistances Rr assume the values shown :in Table I.

,: I Let us app_v an analog potential equal to ÷IOO to the axis, and equal to

--_ zero to the node defined by r = rl ; then, the analog intensity circulatingF - I

-'.-.Li

-.i within the "line" will be
!" I

._-f

j' _._I
I

fZ

i•

I00
/7 = I0

Z R,,
fl _.!

1

L__ -__3-_--j

I .

I
I



:+_ Using rL

!

I

_+.

Th _I j

!

i

= 5At, we obtain

nzlO

@(+)= ,,o0 . Z R,,=+,6,++,?
n=to /7..'6

eq. (105)' can be written as follows:

++__83- '°°(/°95-/°9ko)
(/- ]ovoko)

++ i

-_L "+
:.!

.,:- • .
..... +

+

From which it follows that

,'ogko= 7.1,+i_74

and

4 = o,13ezs
Graphical Method:

(lO6)

.-,--!
-_±--i

J,--=,

-.....(r=to).

.:.:-:!

:7i

; *

_.u S_arly,

#

Let us now apply the finite-difference method after the pseudo-axis

Only the resistance R: is modified. Reasoning as before, we obtain:

i = lOO
N.IO 4

/_k °

1 ,
/7=/0 "

I

+ Co+,)= .:,o1oo 2+ e.
_. R -/- Z/°< =

n=2 _ . _ .

I.....8/+----_' ....

q



9,9,,(_-ko)

Let us assume that

T

zooCloo5-i.O3ko)

Equation (107) represents an equilateral hyperbola Yz (x) (see Table II).

It is sufficient to define the intersection of this hyperbola with the curve

(see Table III and- Ya = log x in order to obtain the desired value of k@
!

Chartz).

This graphical method will finally yield

= O, 109 (108



Conclusion

The two methods thus lead to values of ko which are equal to 0.139 and

.... !0.109.

'ently is preferable.

the experimenter.
2

_._
°

°- ..

I

25_
1

_.?

":".'3 i

!

In accordance with our experiments, neither of the two methods appar-

Conse_aently, their use can be left to the discretion of

• " i

i
, ----t

!. - !

5:--t
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I

!

I

I



c

The analog potential function, in the two sectors rj

..'-: cinity of the emitter (most critical case) is 9, so that

°-___

--r

_ -'--.1

APPENDIX II

•STUDY OF TRAJECTORIES BY THE DISTRIBUTION THEORY

and z.j

/ee

in the vi- _.

where

and o _" r _ r.j.

/)

_'__ r.< -_- •

The parabolic extrapolation leads to a new function @*, which is contin-

(Fig. 52)

--, uous at the boundary of the electrode, so that

Q ,z-:

_ _ _

• u___

;---'

.... and

•--e -2 ._;

t

: 7]

_:,"=@, for z _ z,j ;

'4'*=@s for e._z_z_.

-,,_ _,(5.,_,;):_(_-

and

and

o< r_ rj.

• t). <_r.< _ o

2

,_,j)-,_.

_, (_.,%) = _ (_.,:,j)
_z -Oz

,_,_. _) - _, (_,',_,)"_ _,." _7
1

_"_---i Let us assume that f(x, ) is an indefinitely derivable function in the

.5.-] complementary of a regular .hypersurface (S)in such a manner that each partial'

l



!

|
i

i deriva-t-ive has a _ton-either sid-e-of(S), ateachp-oint ..........of (S)' The dif-

_ference between these limits represents the "jump" of the corresponding par-

/i__Itial derivative. This jump is determined for a fixed direction of "traversal"

_ of the surface (S) and changes its sign as soon as the direction of this trav-

" :ersal is modified. This jump is a definite function of the surface (S).

_- Let us denote by DPf a derivative of f in the direction of the distribu-

;_i itions and let [DP, f} be the distribution represented by the conventional de-

•_ !rived function, defined for x_S) and undefined for x _ (S). It can be

.- -j

__!and

c c

_ o

, _where:

T

J___

demonstrated that

J__

, L,_!

gt" gf (lO9)

(11o)

i

T
J

ei = angle of the xt axis with the normal to (S) in the direction

of the traversal corresponding to the intersection of x_
i

53);

o@ '_ discontinuity of f when traversing (S) in the direction of

I

the x_ axis;

_f
a: = Jump of_ at the traversal of (S);

(a_cose,)6(, ) = symbolic notation for the distribution correspond-

ing to masses placed In (S), having a surface density of

!
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r ............................................. i ...........

_ The emitting surface plays the role of the surface (S) in the case trader

2-t
" _consideration.

• A. j_._,

29_
i

I

.; k_.J
I

; -,-- I

1

•""_" The discontinuities of _, on traversing (S) in the direction of the r

' i

• and z axes, are zero° Consequently, _o ---- ff'oz -- 0 •r

% - ?r"

k:L-i fftz - az

[ !

in viewof the fact that. _ci_? ( 0 e/'> _*:' (5" )_- 0_-:..":i = Zej__; ,z 57 •
• _ .2'. L ......

I. In the domain, defined by z>zel and O_r_r I, and when applying eq. (109),
;_-i, '
--i we will have: !

I

Thereafter, the differential equation (eq. 20) assumes
• !

•
£"_.._ Lt_r J k'bz JJ

the form

.(111)

From this it fonows that the ion_ trajectories are not at all modified

_in the vicinity of the emitter by the presence of the discontinuities _ and

L 5! _I, on the first-order partial derivatives of the field _. The parabolic ex-
i

L':'itrapolation, provided that it is done With special care by eliminating these

%__..,discontinuities and by respecting the field in the domain z>zel and O_r_rl,

-4 . " ' _'I' ;_'I' '
_l.__.!will permit a correct calculation of the_ functions _¥ and BY and thus also of

............. i...........

_".... i-_89 _ --:

/91
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i In practical work, a single extrapolation is often sufficient. The se-
.... i

)

_/i!lection of this extrapolation is of prime importance and, almost always, re-

r "Isults in a perfectly continuous field in the other section.
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